WORKSHOP #3

Functions and Numbers

Abstract. This workshop was designed for elementary and middle school teachers. Its purpose is to develop a deeper understanding of the fundamental concepts of a function and a number. It starts at a very elementary level with the definition of a function and the elementary properties of functions. The abstract concept of cardinality is then developed using one to one, onto functions.
Format. We start with a description of the workshop material as we presented it formatted as a single narrative.  In an actual presentation, some material was simply present verbally, some in the form of projected transparencies (or projected computer screen) and some, particularly the problems, was distributed in handouts.  The main advantage of having the material in Word is that the presenter can decide the best way to divide up the material for any given audience, producing their own slides and worksheets, choosing how little or how much you want to present. The worksheets that we used are attached to the end of this file. They too can be easily altered to fit in any redesign workshop.  

What comes to mind when you think of the word function?  Take a few moments and write down some thoughts.

You should use this warm-up both before and after the workshop.  This way you will be able to collect prior-knowledge and assess the strengths and weaknesses of the workshop.
1

2
Does a function have to have a formula such as f(x)=…?

1. Yes

2. No

Please write down the formal definition of a function, you will want to refer back to this throughout the rest of the workshop:

A function is a rule that assigns an element from one set to exactly one element of another set.
Now we will vote on several examples and decide as a group whether the relations given are functions.

Here is where you will have the students/teachers use the voting card.  This way you will be able to see what every student is thinking.
Example 1.  You decide to take a trip to Wegmans.  When you are finished, at the checkout counter the cashier scans the bar code on your container of Orange Juice and a price comes up.  Is this relation an example of a function?
1. Yes

2. No

Example 2.  On October 3rd Maybelline’s stock was worth $40 a share.  Over the next few weeks the stock decreased in value, but on November 3rd it’s value was back to $40 a share.  Is this relation an example of a function?
1. Yes

2. No

Students are often confused by the example where two inputs have the same outputs.  Remind them that it is OK for this to happen and there will be a graphical example later on to help them understand this.
Example 3.  You’re curious about the #1 health tip, so you type into the Google prompt – “#1 health tip” and you get responses such as eat broccoli, milk, flaxseed, etc.  Is this relation an example of a function?
1. Yes

2. No

What different characteristics do you notice about these relations?  Are the relations that satisfy the definition of function exactly the same?  What are their differences?

Functions and relations can be represented in many ways.  So far we have explored them verbally.  Now we will look at different relations represented with tables and graphs to decide whether they are functions.

Example 4.  Is the relation below a function? (Hint: You may refer back to the definition of a function)
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1. Yes

2. No

Example 5.  Is the relation below a function?
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1. Yes

2. No

Example 6.  Is the relation below a function?
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1. Yes

2. No

Can you find any similarities between examples 1-3 and 4-6?

Here is where you will want to parallel the examples.  Example 1 corresponds with Example 4, and Example 2 corresponds with Example 6 and lastly, Example 3 corresponds with Example 5.  

Example 7. Is the relation between Sale and Gallons an example of a function?  More importantly, what is the input and what is the output?
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Answer:

Either sale or gallons can be the input here both produce a relations that can be considered a function.  Here is where you will want to emphasize the importance of defining the input and output when analyzing a problem.
We must always define the variable that is the input and the variable that is the output.  The set of input values is called the domain, and the set of output values is called the range.   We commonly denote x as the set of input values and denote y as the output values.  This will be helpful for the next activity that will involve graphing.

Materials needed:

- paper/plastic cups

- 50 pennies for each cup/group

Note to the teacher:

The relation the students will end up graphing will be slightly exponential.  If you feel that this is something you can discuss at this point feel free to.  But you may want to talk about why this relation produces a function.  What is special about the way the problem is set up and why will it always produce a function despite the differences among group data?
Activity #1  Penny Tossing.

1.  Place the pennies in the cup 
2.  Shake the pennies and spill them onto a flat surface

3.  Remove all the pennies that land face up

4.  Count the remaining pennies

5.  Record this number in a table

6.  Repeat till there are no pennies left

7.  Make a plot of data

8.  As a group decide whether this relation is a function.
	Number of Tosses 

(input or x-value)
	Pennies Remaining 

(output or y-value)

	
	

	
	

	
	

	
	

	
	


Materials:

- rulers

Note to the Teacher:

This relation in this activity will not always produce a function.  Hopefully you will obtain some different answers and this will stir up some discussion.  Be sure to discuss why this will sometimes produce a function why it won’t others.
Activity #2

Is your foot length vs. shoe size a function? 
1. Get into a group of 4-5 people.

2. Have everyone (using a ruler) measure the length of his or her foot.

3. Log the foot length and compare this to the shoe size.  (Note :  If you are male then add 2 to your shoe size)

4. As a group decide whether or not this relation is a function.

	Shoe Size

(input or x value)
	Foot Length

(output or y value)

	
	

	
	

	
	

	
	

	
	


One motivation for studying functions is to use them to find out if two sets or groups are the same size.  When groups become very large it is difficult to simply count the number of things in each group, this is where functions can be helpful.

First we need to discuss the notion of size or number before.  How might you define number?  

What do these sets have in common?

{1,2,3,4}








{a,b,c,d}
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Definition - We define the number four to be what the follow sets have in common.
When we count objects we are constructing a function from the natural numbers {1,2,3,4,5,….} to the group of objects we desire to count.  

The ideas developed in the following two exercises will help us develop the tools to decide if two large sets are equal without directly counting them.

Activity #3.

In this activity we explore the logical concept of “relation.”  Given a set A, a relation on A is rule or method of deciding if two arbitrary elements of the set are related. We use a~b to indicate that a is related to b.  

For example, let A be the set of participants in this workshop

      Relation 1 : a~b if  a teaches at the same school as b

      Relation 2 : a~b if  a has ever taught a student of b’s

      Relation 3 : a~b if  a is taller than b

Another set of examples, Let A be the integers …-3,-2.-1,0,1,2,3,…

     Relation 4 : a~b if a has a divisor (other than 1) in common with b

     Relation 5 : a~b if a is a multiple of  b

     Relation 6 : a~b if a larger than b

     Relation 7 : a~b if (a-b) is even

After we define several relations we often ask three basic questions. 

Q1: Is it always true that a~a?  If the answer is yes we say that the relation ~ is refexive. 

Q2: Is it always true that a~b implies that b~a?  If the answer is yes we say that the 

relation ~ is symmetric. 

Q3: Is it always true that a~b and b~c imply that a~c?  If the answer is yes we say that the 

relation ~ is transitive. 

Answer each of these questions for each of the relations that we have listed above.  If a relation on A is reflexive, symmetric and transitive, it is called an equivalence relation and it partitions the set A into disjoint equivalence classes.

Relation 1 : 

- Reflexive – Certainly a teaches at the same school as a.

- Symmetric – If a teaches at the same school as b, then b teaches at the same school as a.

- Transitive – If a teaches at the same school as b, and b teaches at the same school as c, then a teaches at the same school as c.

Since Relation 1 is satisfies all 3 properties it is an equivalence relation.
Relation 2 :

- Reflexive – We know that if teacher a has taught a student then teacher a has taught a student.

- Symmetric – If teacher a taught a student, let’s call him Bill, who was also a student of teacher b.  Certainly teacher b has taught Bill who has been a student of teacher a.

- Transitive – Assume teacher a taught Bill implies that teacher b taught b, but teacher b may have taught Andrew and teacher c taught Andrew as well.  So this relation does not satisfy the requirements for an equivalence relation.

Relation 3 :

- Reflexive – This relation fails the reflexive property because a person cannot be taller than themselves.
Relation 4 :

-Transitive – This relation fails the transitive property.  For example take 2 and 6, which have 2 as a common divisor.  The next pair will be 6 and 9 which have 3 as a common divisor.  However, 2 and 9 do not have a common divisor.  Therefore, this relation fails the transitive property.

Relation 5 :

- Symmetric – This relation fails the symmetric property.  For example 6 is a multiple of 2 of, however 2 is not a multiple of 6.
Relation 6 :

- Reflexive – A number cannot be larger than itself.
Relation 7 :

- Reflexive – For any number a, a-a=0 which is even.

- Symmetric – Let’s assume that a-b=2k, an even number, then b-a=-2k, which is also even.

- Transitive – We know that an odd number subtracted from an odd number is an even number.  And an even number subtracted from an even number is even.  Therefore, we can assume that either a,b and c are all even, or a,b, and c are all odd.  So in either case the transitive property is satisfied.
Materials:

- white beans

- red beans

- plastic bags

Note to the Teacher:

Students should match the beans in order to see which set is larger.
Activity #4

Task #1:  WITHOUT COUNTING, decide whether there are :

a. more red than white beans

b. more white than red beans 

c. the same number of red and white beans

Task #2:  Using the concept of a function, describe how you carried out Task #1.

Task #3: Let X and Y be sets Define each of the following mathematical expressions:

a. |X|=|Y| 
b. |X|<|Y| 
c. |X|>|Y|

Task #4: Fill in the blanks in following table with “yes” or “no.” Justify your answers.

	Relation
	Reflexive
	Symmetric
	Transitive 

	 |X|=|Y|
	
	
	

	 |X|<|Y|
	
	
	

	 |X|>|Y|
	
	
	


Write your justifications below.

a. |X|=|Y|

b. |X|<|Y|

c. |X|>|Y|

Now let’s think about inverses.  We have talked a lot about the relation from one set {A,B,C,D} to another set {E,F,G,H}.  What about the inverse relation?  Is that a function?
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Using the definition of function decide if the relation from {E,F,G,H} to {A,B,C,D}.

E is assigned to two elements, A and B.  
What characteristic must the original function possess in order to ensure there will be an inverse?  (Hint: How could you change the function above to make the inverse relation a function?)

 A relation only has an inverse if the relation is a one to one relation, which means every element in the second set is assigned to exactly one element in the first set.

Something to think about at home:

Now that we have the tools to decide whether two large sets are equivalent, do you think that the set of integers is the same size as the set of natural numbers (1,2,3,…)?  What other large sets of numbers can you compare?

Warm-up #1

What comes to mind when you think of the word function?  Take a few moments and write down some thoughts.

1

2
Does a function have to have a formula such as f(x)=…?

3. Yes

4. No

Please write down the formal definition of a function, you will want to refer back to this throughout the rest of the workshop:

Now we will vote on several examples and decide as a group whether the relations given are functions.

Example 1.  You decide to take a trip to Wegmans.  When you are finished, at the checkout counter the cashier scans the bar code on your container of Orange Juice and a price comes up.  Is this relation an example of a function?
3. Yes

4. No

Example 2.  On October 3rd Maybelline’s stock was worth $40 a share.  Over the next few weeks the stock decreased in value, but on November 3rd it’s value was back to $40 a share.  Is this relation an example of a function?
3. Yes

4. No

Example 3.  You’re curious about the #1 health tip, so you type into the Google prompt – “#1 health tip” and you get responses such as eat broccoli, milk, flaxseed, etc.  Is this relation an example of a function?
3. Yes

4. No

What different characteristics do you notice about these relations?  Are the relations that satisfy the definition of function exactly the same?  What are their differences?

Functions and relations can be represented in many ways.  So far we have explored them verbally.  Now we will look at different relations represented with tables and graphs to decide whether they are functions.

Example 4.  Is the relation below a function? (Hint: You may refer back to the definition of a function)
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3. Yes

4. No

Example 5.  Is the relation below a function?
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3. Yes

4. No

Example 6.  Is the relation below a function?
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3. Yes

4. No

Can you find any similarities between examples 1-3 and 4-6?

Example 7. Is the relation between Sale and Gallons an example of a function?  More importantly, what is the input and what is the output?
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Answer :

Activity #1  Penny Tossing.

1.  Place the pennies in the cup 
2.  Shake the pennies and spill them onto a flat surface

3.  Remove all the pennies that land face up

4.  Count the remaining pennies

5.  Record this number in a table

6.  Repeat till there are no pennies left

7.  Make a plot of data

8.  As a group decide whether this relation is a function.
	Number of Tosses 

(input or x-value)
	Pennies Remaining 

(output or y-value)

	
	

	
	

	
	

	
	

	
	


Activity #2

Is your foot length vs. shoe size a function? 
5. Get into a group of 4-5 people.

6. Have everyone (using a ruler) measure the length of his or her foot.

7. Log the foot length and compare this to the shoe size.  (Note :  If you are male then add 2 to your shoe size)

8. As a group decide whether or not this relation is a function.

	Shoe Size

(input or x value)
	Foot Length

(output or y value)

	
	

	
	

	
	

	
	

	
	


Warm-up #2

 How might you define number?  

What do these sets have in common?

{1,2,3,4}








{a,b,c,d}
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When we count objects we are constructing a function from the natural numbers {1,2,3,4,5,….} to the group of objects we desire to count.  

The ideas developed in the following two exercises will help us develop the tools to decide if two large sets are equal without directly counting them.

Activity #3.

In this activity we explore the logical concept of “relation.”  Given a set A, a relation on A is rule or method of deciding if two arbitrary elements of the set are related. We use a~b to indicate that a is related to b.  

For example, let A be the set of participants in this workshop

      Relation 1 : a~b if  a teaches at the same school as b

      Relation 2 : a~b if  a has ever taught a student of b’s

      Relation 3 : a~b if  a is taller than b

Another set of examples, Let A be the integers …-3,-2.-1,0,1,2,3,…

     Relation 4 : a~b if a has a divisor (other than 1) in common with b

     Relation 5 : a~b if a is a multiple of  b

     Relation 6 : a~b if a larger than b

     Relation 7 : a~b if (a-b) is even

After we define several relations we often ask three basic questions. 

Q1: Is it always true that a~a?  If the answer is yes we say that the relation ~ is refexive. 

Q2: Is it always true that a~b implies that b~a?  If the answer is yes we say that the 

relation ~ is symmetric. 

Q3: Is it always true that a~b and b~c imply that a~c?  If the answer is yes we say that the 

relation ~ is transitive. 

Answer each of these questions for each of the relations that we have listed above.  If a relation on A is reflexive, symmetric and transitive, it is called an equivalence relation and it partitions the set A into disjoint equivalence classes.

Relation 1 :

Relation 2 :

Relation 3 :

Relation 4 :

Relation 5 :

Relation 6 :

Relation 7 :

Activity #4

Task #1:  WITHOUT COUNTING, decide whether there are :

a. more red than white beans

b. more white than red beans 

c. the same number of red and white beans

Task #2:  Using the concept of a function, describe how you carried out Task #1.

Task #3: Let X and Y be sets Define each of the following mathematical expressions:

a. |X|=|Y|

b. |X|<|Y|

c. |X|>|Y|

Task #4: Fill in the blanks in following table with “yes” or “no.” Justify your answers.

	Relation
	Reflexive
	Symmetric
	Transitive 

	 |X|=|Y|
	
	
	

	 |X|<|Y|
	
	
	

	 |X|>|Y|
	
	
	


Write your justifications below.

a. |X|=|Y|

b. |X|<|Y|

c. |X|>|Y|

Now let’s think about inverses.  We have talked a lot about the relation from one set {A,B,C,D} to another set {E,F,G,H}.  What about the inverse relation?  Is that a function?
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Using the definition of function decide if the relation from {E,F,G,H} to {A,B,C,D}.

What characteristic must the original function possess in order to ensure there will be an inverse?  (Hint: How could you change the function above to make the inverse relation a function?)
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