WORKSHOP #1
The Mathematics of Personal Finance

Abstract. All of the basic topics in the mathematics of personal Finance are introduced here: compound interest, loans, annuities, IRAs and credit cards.  Most realistic computations cannot be carried out by hand and are often too time consuming to be worked out on a standard scientific calculator.  Hence we rely heavily on the financial package on the TI84.
Format. We start with a description of the workshop material as we presented it formatted as a single narrative.  In an actual presentation, some material was simply present verbally, some in the form of projected transparencies (or projected computer screen) and some, particularly the problems, was distributed in handouts.  The main advantage of having the material in Word is that the presenter can decide the best way to divide up the material for any given audience, producing their own slides and worksheets, choosing how little or how much you want to present. The worksheets that we used are attached to the end of this file. They too can be easily altered to fit in any redesign workshop.  

SECTION ONE – Basic Computations and Compound Interest 
Interest rates are always stated as annual rates and given as a percent.  For example, your bank may offer a CD at 5.3% and your credit card may charge you 11.7% interest on your unpaid balance. In both cases it is understood that these are annual rates.  Interest rates are always stated as percentages then converted to decimals for all computations. [If necessary, a short review of decimal – percentage conversion should be given at the beginning of the workshop.]

While the interest is always presented as an annual rate, it is often necessary to compute the interest for different periods of time.  This arises when interest is compounded: computed and disbursed periodically. Such a rate is called a periodic rate and is computed by simply scaling the annual rate. The formula for computing the periodic rate is [image: image1.wmf].  For example, the monthly periodic rate for the rate 6% is [image: image2.wmf] or we can think of it as [image: image3.wmf].

Problem 1 - Interest Rates 

a) Suppose your bank offers you an annual interest rate of 1.01% and the interest is computed at the end of each month and added to the account.  What is the periodic rate (the interest rate scaled to the compounding period)?

[image: image4.wmf] which can be thought of approximately [image: image5.wmf] interest per month.

b) An opposing bank offers you an annual rate of 1.2%.  The bank compounds quarterly, what is the periodic rate?

[image: image6.wmf] so the periodic rate is [image: image7.wmf].

c) If the periodic rate is .5% compounded monthly, then what is the annual interest rate?

[image: image8.wmf] so then solving for x gives us, x=.06.  So the annual interest rate is [image: image9.wmf].

d) If the periodic rate is .05% compounded weekly, then what is the annual interest rate?

[image: image10.wmf] we get that x=0.026 so the annual interest rate is [image: image11.wmf]
Let’s assume that we deposited B dollars into a bank account paying 6% compounded monthly.   Each month the interest would be computed on the new balance using the periodic rate.  This is how compound interest works. At the end of one month you would have B+.005B or (1.005)B dollars in your account.  More generally this is B(1+i) where i is the periodic rate.  The following month we would have [B(1+i)](1+i)=B(1+i)2.  After several compounding periods, or n compounding periods the formula is [image: image12.wmf].  

Problem 2 - Compound Interest 

For this problem you have $5,000 dollars and are deciding which bank to deposit it in.

a) One bank account pays an annual rate of 6% interest.  The compounding is done monthly, how much will be in your account at the end of the first month?

                      [image: image13.wmf] 

b) Using the information in part a, how much will you have at the end of the first year? What about 5 years and 3 months?

           [image: image14.wmf]       [image: image15.wmf]
c) Another bank pays an annual rate 6% interest.  Suppose the compounding is done weekly, if you choose this account how much will be in your account at the end of the first week?

                            [image: image16.wmf]
d) Using the information from part c, how much will you have at the end of the year?

                                      [image: image17.wmf]
e) How much more interest was accrued in one year by compounding weekly instead of monthly?  How much more would you get by compounding daily? (Assume 365 days.) 

                                    [image: image18.wmf]
Just 12 cents more!

Suppose you were offered a note promising that it will pay $1,000 one year from now. How much would you be willing to pay for it?  The present value of this note with a future value of $1,000 is computed using the going interest rate.  Its value today is the amount that you would have to invest today at the going rate to have $1,000 in one year.  If the bank accounts are paying 6% compounded monthly you want to solve the following equation for D: (1.005)12D = 1000.

                                    [image: image19.wmf]  

The present value of $1,000 one year from now at 6% compounded monthly is $941.91.

Problem 3 - Present Value

a) Calculate the present value of $5,000 three years from now if the going rate is 4.5% compounded monthly.

We must solve the following equation for D, [image: image20.wmf].
[image: image21.wmf]
b) Which note is the most valuable the above $5,000 three years or $5,500, five years from now – assuming a rate of 4.5% compounded monthly?  Does the rate make a difference as to which note will be the most valuable?  Explain.

[image: image22.wmf]
So $5,000 in three years has a higher present value than $5,500 in 5 years.

It is standard for banks to state the APY (Annual Percentage Yield) or effective interest rate for an interest bearing account.  The APY is the simple interest rate (the effect of compounding annually) that will yield the same amount of interest at the end of one year.  To find the APY for a given APR (Annual Percentage Rate) compounded m times a year, you will use the equation:
                                           [image: image23.wmf]
Problem 4 - Calculating effective interest
a) Calculate the APY for a savings account that gives 5.6% compounded monthly.

[image: image24.wmf] so the effective interest rate is 5.74599%.

b) Calculate the APY for a savings account that gives 5.65% compounded quarterly.

[image: image25.wmf] so the effective interest rate is 5.77084%.

c) Which is the better account and why?      The better interest rate is 5.77084%.
Problem 5 - Comparing Savings Accounts
Suppose your bank currently offers a savings account with a 1.01% an annual rate compounded daily.  Another bank offers 1.3% compounded daily, but has a $1 dollar monthly fee.  How will you know which is the better deal?

a) If you only have $2,500 in the account for the month of September, which the better deal?

Account 1 - [image: image26.wmf]
Account 2 - [image: image27.wmf]
During this time period the first account would be a wiser choice.

b) What if you had $5,000 in the account for the month of September, which is the better deal?

Account 1 - [image: image28.wmf]
Account 2 - [image: image29.wmf]
However, with twice as much money during this time period, the second account works in your favor.

c) We have observed that for small amounts the first account works in your favor, and for larger amounts we would choose the second account.  What amount gives the break-even point between the two accounts?

Solve [image: image30.wmf] to get P = $4,200
Problem 6 - How interest is computed for Savings and Interest Bearing Checking Accounts

On savings and interest bearing checking accounts, typically interest is computed daily, but compounded monthly (this means that the interest is computed every day but added to the account only at the end of the month).  Accounts such as these typically have a lot of activity, this problem will show how interest is computed during these months.

Suppose your interest bearing checking account earns an annual interest rate of 3.65% and the bank will compound monthly.  

On Jan 1 you have $15,000 in the bank;  

On January 11 you pay $1,500 credit card bill;

On January 16 you deposit your $3,000 paycheck;

On January 21 you pay your son's $4,000 tuition bill.  

a) How much interest will you earn this month?

The bank computes your interest by first computing your average daily balance and then using the following formula: 

(average daily balance) x (daily periodic rate).

Use this formula to calculate the interest accrued during the month of January.

[image: image31.wmf]is the average daily balance.  Now, the periodic rate is [image: image32.wmf]and the interest accrued in the month of January is [image: image33.wmf].

Problem 7 - Computing the amount of interest in a savings account by hand.  THIS EXERCISE IS TO BE DONE WITHOUT A CALCULATOR.  

We deposit $1,000 on the first of the year in an account paying an annual interest rate of 6% with quarterly compounding, how much is in the account at the end of the year?

Students should do the following computations by hand:

[image: image34.wmf] then they will use this to compute the interest accrued after 4 periods.

[image: image35.wmf]
You can see from this exercise the theory behind computing balances at the end of a compounding period is simple.  However, the application can be complicated without the use of a calculator.  

You may have heard the term “Banker’s Hours” to indicate showing up late for work and then leaving early.  The term origins are over 50 years old and became a figure of speech because banks didn’t open until 10:00am and then closed at 2:30 or 3:00pm.  The bankers were actually there for a full 8-hour workday spending the early morning and late afternoon recording and calculating.

Bankers would not have carried out the above calculation entirely by hand.  Sets of tables were used for the value of (1.015)4=1.06136355. On the next page we have duplicated the corresponding page from one such set of tables. The last multiplication would then be carried out by hand or on a mechanical calculator to get 

[image: image36.wmf]
for $1,061.36 (rounded to the nearest cent).  

In order to minimize the size of the tables and the number of times that hand calculations needed to be made several restrictions were enforced.  Savings accounts usually computed interest quarterly and interest rates were restricted to those for which tables had been published. The financial tables themselves were computed using tables of logarithms.  The number of decimal places included in the table limited the size of deposits that could be dealt with accurately.    

[image: image37.png]TasLe 11—Comrounp AMOUNT oF $1.00 witH INTEREST COMPOUNDED FOR 7
Prriops AT RATE PER PERIOD, 7. (Cont.)

n 1%% 1%% 12:% ‘ 1%% n
1 1.0125 0000 1.0137 5000 1.0150 0000 1.0175 0000 1
2 1.0251 5625 1.0276 8906 1.0302 2500 1.0353 0625 2
3 1.0379 7070 1.0418 1979 1.0456 7838 1.0534 2411 3
4 1.0509 4534 1.0561 4481 1.0613 6355 1.0718 5203 4
5 1.0640 8215 .1.0706 6680 1.0772 8400 1.0906 16586 5
6 1.0773 8318 1.0853 8847 1.0934 4326 1.1087 0235 6 .
7 1.0908 5047 1.1003 1256 1.1098 4491 1.1291 22135 7
8 1.1044 8610 1.1154 4186 1.1264 9259 1.1488 8178 g
9 1.1182 5218 1.1307 7918 1.1433 8998 1.1689 8721 9
10 1.1322 7083 1.1463 2740 1.1605 4083 1.1894 4449 10

11 1.1464 2422 1.1620 8940 1.1779 4894 1.2102 5977 11
12 1.1607 5452 1.1780.6813 1.1956 1817 1.2314 3931 12
13 1.1752 6395 1.1942 6656 1.2135 5244 1.2529 8950 13
14 1.1899 5475 - 1.2106 8773 1.2317 5573 1.2749 1682 14
15 1.2048 2918 1.2273 3469 1.2502 3207 1.2972 2786 15
16 1.2198 8955 1.2442 1054 1.2689 8555 1.3199 29835 16
17 1.2351 3817 1.2613 1843 1.2880 2033 1.3430 2811 17
18 1.2505 7739 1.2786 6156 1.3073 4064 1.3665 3111 18
19 1.2662 0961 1.2962 4316 1.3269 5075 1.3904 4540 18

20 1.2820 3723 1.3140 6650 1.3468 5501 1.4147 7820 20

21 1.2980 6270 1.3321 3492 1.3670 5783 1.4395 3681 21

22 1.3142 8848 1.3504 5177 1.3875 6370 1.4647 2871 22

23 1.3307 1709 1.3690 2048 1.4083 7715 1.4903 6146 23

24 1.3473 5105 1.3878 4451 - 1.4295 0281 1.5164 4279 24

25 1.3641 9294 1.4069 2738 1.4509 4535 1.5429 8054 25

26 1.3812 4535 1.4262 7263 1.4727 0953 1.5699 8269 286

27 1.3985 1092 1.4458 8388 1.4948 0018 1.5974 5739 27

28 1.4159 9230 1.4657 6478 1.5172 2218 1.6254 1290 28

29 1.4336 9221 1.4859 1905 1.5399 8051 1.6538 5762 28

30 1.4516 1336 1.5063 5043 1.5630 8022 1.6828 0013 30
31 1.4697 5853 1.5270 6275 1.5865 2642 1.7122 4913 31

32 1.4881 3051 1.5480 59886 1.6103 2432 1.7422 1349 32

33 1.5067 3214 - 1.5693 4569 1.6344 7918 1.7727 0223 33

34 1.5255 6629 1.5909 2419 1.6589 9637 1.8037 2452 34
35 1.5446 3587 1.6127 9940 1.6838 8132 1.8352 8970 35

36 1.5639 4382 1.6349 7539 1.7091 3954 1.8674 0727 36
37 1.5834 9312 1.6574 5630 1.7347 7663 1.9000 8689 37
38 1.6032 8678 1.6802 4633 1.7607 9828 1.9333 3841 38
39 1.6233 2787 1.7033 4971 1.7872 1025 1.9671 7184 39

40 1.6436 1946 1.7267 7077 1.8140 1841 2.0015 9734 40

41 1.6641 6471 1.7505 1387 1.8412 2868 2.0366 2530 41

42 1.6849 6677 1.7745 8343 1.8688 4712 2.0722 6624 42

43 1.7060 2885 1.7989 8396 1.8968 7982 2.1085 3080 43

44 1.7273 5421 1.8237 1999 1.9253 3302 2.1454 3019 44
45 1.7489 4614 1.8487 9614 1.9542 1301 2.1829 7522 45
46 1.7708 0797 1.8742 1708 1.9835 2621 2.2211 7728 46

47 1.7929 4306 1.8999 8757 2.0132 7910 2.2600 4789 47

48 1.8153 5485 1.9261 1240 2.0434 7829 2.2995 9872 48

49 1.8380 4679 1.9525 9644 2.0741 3046 2.3398 4170 49

50 1.8610 2237 1.9794 4464 2.1052 4242 2.3807 8893 50





Private financial transactions were often carried out without tables.  We give two simple examples here both involving loans. These methods are still used today partly because the computations are easy to explain.  However we will see later that these methods hide the actual interest rates that are being charged.  The actual interest rates are much higher than the stated rates.  

The first method is called the Add-On Method for computing loan payments. The interest is calculated upfront as simple interest and added to the loan amount.  The total (the loan amount including interest) is divided by the number of months in the term of the loan to get the monthly payments.  For example, if you borrow $1,000 at 6% for one year, the total interest will be $60 [image: image38.wmf]. Adding this to loan amount gives you 12 monthly payments of $88.33, [image: image39.wmf]  The second method is called the Discount Method where the interest is computed in the same manner as in the Add-On Method.  Instead of adding it to the loan amount, you are asked to pay it in full “up front.” So your payments are simply $83.33, ([image: image40.wmf]).  The $60 of interest is simply deducted from the $1,000 leaving you with $940 to take home.  

Problem 8 – Loans.   

For each of the following loans, compute the payments for the Add-On Method and the payments and take-home amount for the Discount Method.

a) A loan of $2,500 at 4% for one year with monthly payments.

The interest is [image: image41.wmf].

For the Add-On Method the monthly payments would be [image: image42.wmf].

For the Discount Method [image: image43.wmf], but you only take home $2,400.
b) A loan of $2,500 at 6% for two years with monthly payments. [Be careful here: what is the periodic rate for two year at an annual rate of 6%?]

The periodic rate for two year is 12% so the interest will be [image: image44.wmf]
For the Add-On Method the monthly payments would be [image: image45.wmf].

For the Discount Method [image: image46.wmf], but you only take home $2,100.
The technology has progress beyond tables and even beyond straightforward computations with a calculator or computer.  There are financial packages that do all of the basic intermediate computations (like computing the periodic rate) and jump directly to the answer.  A very nice package is included among the applications on the TI84.  We will use this package for the remainder of this workshop.

SECTION TWO - Finance Formulas on the TI84

The TI84 has a general ``time-value-of-money" (TVM) equation built in which will easily carry out the otherwise tedious computations involved in compound interest, loans and annuities. 

To get to the TVM Solver:

1. Press the APPS key

2. “Finance"

3.  Select “TVM Solver"

We illustrate the use of the TVM Solver and identify the variables used in the calculator by working through a simple example:

Suppose that you invest $4,000 today for 5 years at an annual interest rate of 6.5%, with monthly compounding.  How much money will be in your account at the end of the 5 years? 

1. N, the number of time periods. 

Since we are compounding monthly, the number of time periods is [image: image47.png]12 x5 =60.




2.  I, the annual interest rate. 

Enter 6.5.

3.  PV, the present value. 

Enter 4000, the size of the regular monthly payments into the account or the rent.  Since we are making no such payments, enter 0.

4.  FV, the future value. 

This is what we wish to compute. For now we leave this at whatever value is entered there.

5.  P/Y, the number of payment periods per year.  We will set this variable to equal the next variable, even when we are making no payments.   

6.  C/Y, the number of compounding periods per year.  

In this example, it is 12.   

7.  The timing of payments or the adding of interest. In this example

and in general, we will set this at ``END".

Now that all variables have been set, we move the cursor to the variable for which we wish to solve, in this case, FV, and press alpha and enter solve. Something like $-5531.27$ should appear after FV.

The natural question that might come up is - Why the minus sign?

Signs on the TVM Solver

In many simple computations, like the one we just did, you can simply ignore the minus signs pop up.  However, in a few of the more complicated problems, you will actually enter some numbers as negative numbers.  So, understanding how the signs work is important.  

All of the financial transactions that we will discuss here involve two parties, usually you and the bank.  Money will then move in two directions: from you to the bank and from the bank to you. We may assign either direction as the positive direction and then the other becomes the negative direction.  In the above example, we entered your deposit as a positive number setting the direction from you to the bank as the positive direction.  Then the future value, the amount paid by the bank to you at the end of the investment period, is moving in the negative direction and appears as a negative number.  You could have reversed these directions and entered your deposit as a negative number; the future value would then have been positive.  

It might be instructive to rework problems 2, 3, 4 and 5 using the TVM Solver.  To compute the APY (Annual Percentage Yield) recall that the APY is the simple interest rate (the effect of compounding annually) that will yield the same amount of interest at the end of one year.  To find the APY for a given an annual rate compounded m times a year, enter the number of periods per year in N, P/Y and C/Y; enter any amount in PV and compute FV.  Once that is done replace the value in N, P/Y and C/Y by 1 and solve for I. 
SECTION THREE - Loans

To see just how loans work, suppose that you borrow $1,000 at 6% and make monthly payments of $100.  At the end of the first month the interest that has accrued is added to your debt and then your payment is subtracted from the total:  1000x(1.005) = 1005, then 1005 – 100 leaves the $905 that you still owe on the loan.  This same process is repeated at the end of the second month: 905x(1.005)-100 = 809.53.  This process is repeated each month until the loan is paid off.   You can follow the progress of this loan very nicely on the TI84:  

Type 1000 and press ENTER; this puts 1000 in the answer memory.

Now type in 1.005 x ANS (the 2nd value of (-)) – 100 and press enter; this 

computes the amount due at the end of the first month and stores it in the answer memory.

Pressing ENTER again gives the amount due at the end of the second month and 

repeated pressing ENTER gives the history of the loan.  

For this loan, after 10 months you still owe $28.34; so your final payment of $28.48 (1.005x28.34) terminates the loan.  In general, the payment size is selected so that all payments are the same size and retire the loan at a specified time.  For example, suppose that you borrow $1,000 at 6% and plan to pay off the loan in 12 equal monthly payments. How big should the payments be?  Computing the proper payment size is not simple.  One must derive the basic structure formula for loans.  This derivation is included in the appendix and the formula itself is built in the TVM solver.  For this particular loan, the correct payment size is $86.07.  It might be instructive to track the loan with these payments using the method described above.
To see how to investigate loans on the TVM solver, consider a car loan of $22,500 at 5.6% for 4 years with monthly payments.  Some entries are obvious: enter 48 for N, 5.6 for I, and 12 for both P/Y and C/Y.  The $22,500 is the amount paid by the bank to you at the beginning of the loan; so it is entered as the present value, PV.  The future value, the amount you still owe the bank at the end of the loan should be 0; so enter 0 for FV. And now we ask the TVM Solver to calculate the payments: move the curser to PMT and solve.  You should get payments of  $524.30.

Problem 9 – Loans.   

Compute the payments on each of the following loans:

	N
	300

	I
	5.25

	PV
	270,000

	PMT
	-1,617.97

	FV
	0

	P/Y
	12

	C/Y
	12


a) A 25-year mortgage of  $270,000 at 5.25% with monthly payments.

	N
	28

	I
	4.75

	PV
	10,000

	PMT
	-421.90

	FV
	0

	P/Y
	4

	C/Y
	4


b) A 7-year commercial loan for $10,000 at 4.75% with quarterly payments.

	N
	12

	I
	6

	PV
	1,000

	PMT
	-86.07

	FV
	0

	P/Y
	12

	C/Y
	12


c) A 1-year private loan of $1,000 at 6% with monthly payments. Compare these payments with the payments computed above by the add-on method.

	N
	12

	I
	6

	PV
	940

	PMT
	-80.90

	FV
	0

	P/Y
	12

	C/Y
	12


d) A 1-year private loan of $940 at 6% with monthly payments. Compare these payments with the payments computed above by the discount method.

In considering loans you can solve for any of the variables.  For example, suppose that for the car loan we considered earlier you would like to know just how much you would still owe after 3 years.  Reenter the information for the loan and solve for PMT.  

So with these entries in place change the 48 in N by 36 and solve for FV, this will be the amount that you still owe at the end of three years. In the next problem, we solve for the real interest rates being charged when using the add-on and discount methods. In solving for other variables, you must make sure that your entries have the proper sign! 

Problem 10 – The real interest rates when using the add-on and discount methods.
a) In the add-on method, the interest is calculated upfront, added to the loan amount and the total divided by the number of months to get the monthly payments. In the discount method, the payments are simply the face amount of the loan divided by the number of months, the interest is calculated upfront and deducted from the loan amount. Suppose you borrow $1,000 for a year with an annual interest rate of 6%.  Your monthly payments are $88.33 (1060/12) by the add-on method and $88.33 (1000/12) by the discount method.

a) To compute the equivalent APR for the example loans, use the TVM Solver and enter: 

	N
	12

	I
	10.9

	PV
	1000

	PMT
	-88.33

	FV
	0

	P/Y
	12

	C/Y
	12


(add-on method)

	N
	12

	I
	11.6

	PV
	940

	PMT
	-83.33

	FV
	0

	P/Y
	12

	C/Y
	12


(discount method)

Problem 11 - Short-term Loans.
	N
	60

	I
	5.3

	PV
	23,800

	PMT
	-452.41

	FV
	0

	P/Y
	12

	C/Y
	12


a) Suppose you want to buy the new 2010 Civic Hybrid for $23,800 and you're given a 5 year loan at 5.3% APR paid monthly.  How much are your monthly payments?

b) Given the information in part a), how much do you end up paying for the car at the end of five years? How much of that was interest?

Total payment  $27,144.60 (452.41x60);  total interest $3,344.60 (27144.60-23800)

c) Suppose you prefer the 2010 Civic Sedan with some extra features for $21,580.  The dealer offers you two payment options.  Option 1:  0% APR for five years. Option 2: $3,000 cash back and 5.4% APR for five years.  Which is the better deal?

        Option 1



	N
	12

	I
	0

	PV
	21,580

	PMT
	-359.67

	FV
	0

	P/Y
	12

	C/Y
	12


Option 2

	N
	60

	I
	5.4

	PV
	18,580

	 PMT
	-354.04

	FV
	0

	P/Y
	12

	C/Y
	12


If you choose Option 1 your monthly payments will be  $359.67.

If you choose Option 2 and use the $3,000 to reduce the amount of your loan, your monthly
payments will be  only $354.04 
	N
	60

	I
	5.4

	PV
	20,991.82

	PMT
	-400

	FV
	0

	P/Y
	12

	C/Y
	12


d) You promised your daughter that if she went to a public school for her undergraduate degree you would buy her a new car at graduation.  Currently you can only afford an extra $400 a month towards the car and the best loan available is a 5 year loan at 5.4% APR.  What price range should you be looking at?

Problem 12 – Long-term Loans (Mortgages).
Consider a $250,000, 25 year mortgage at 5.2% APR.  

	N
	300

	I
	5.2

	PV
	250,000

	PMT
	-1,490.75  

	FV
	0

	P/Y
	12

	C/Y
	12


a) What are your monthly payments?

b) How much did you end up paying for the house?

[image: image48.wmf] or $447,225
c) What is the periodic rate?  How much of your first payment went to interest?

[image: image49.wmf] Now that we have found the periodic rate we can use this to calculate the interest accrued in the first month: 250,000 x .004333 = 1,083.33  So $1,083.33 of your first payment went to interest and $1,490.75-$1.083.33 =$407.42 went toward reducing the amount your debt.
	N
	120

	I
	5.2

	PV
	250,000

	PMT
	-1,490.75

	FV
	-186,053.85

	P/Y
	12

	C/Y
	12


d) How much do you owe after ten years?

	N
	371.68

	I
	5.2

	PV
	250,000

	PMT
	-1,490.75

	FV
	125,000

	P/Y
	12

	C/Y
	12


e) How long will it take you to pay off half of the loan?
At the end of the 372nd month the loan you paid off half of the loan.

	N
	360

	I
	5.2

	PV
	250,000

	PMT
	-1372.78

	FV
	0

	P/Y
	12

	C/Y
	12


f) To reduce your payments, consider a 30-year mortgage at the same rate. What are your monthly payments?

g) In this case, how much would you end up paying for the house?

[image: image50.wmf]
h) How much of your first payment will go to interest?

As before, [image: image51.wmf] So the interest accrued in the first month: 250,000 x .004333 = 1,083.33  Again $1,083.33 of your first payment will go to interest and only $1,372.78-$1.083.33 =$289.45 will go toward reducing the amount your debt.
i) By further extending the length of the loan how low could you get your payments? 

Explain.

The more you extend the loan the lower the payments will be because you have more time to pay off the money.  However, the longer the loan is extended the more interest you will pay. In any case $1,083.33 in interest is due at the first payment. So no matter how long you stretch the loan out the payments can never fall below $1,083.33.  With monthly payments of exactly $1,083.33, the loan is never paid off!

Problem 13 - Mortgages with Points.
One point is 1% of the principal amount of the loan and is to be paid up front, usually out of the loan itself. You should think of points as additional interest charged by the discount method. 

a) Find the APR for a 30-year mortgage of $250,000 with an interest rate of 6% and monthly compounding and two points.

	N
	360

	 I
	6

	PV
	250,000

	PMT
	-1,498.88

	FV
	0

	P/Y
	12

	C/Y
	12


i) What are the monthly payments?

The monthly payments are based on the $250,000.
ii) What is the dollar amount of these two points?

 250,000 x .02 = 5,000
iii) What is the actual amount that you have to pay toward the house once the points have been deducted?

 250,000 – 5,000 = 254,000
	N
	360

	I
	6.189

	PV
	245,000

	PMT
	-1498.88

	FV
	0

	P/Y
	12

	C/Y
	12


b) If you were to borrow the amount that you actually received and made these payments for 30 years, what would be the interest rate that is being charged?

Now that we have found our monthly payments we will input the loan amount minus the points, which is $5,000 that needs to be paid up front.  This will give us the equivalent APR.

	N
	360

	I
	6.1

	PV
	250,000

	PMT
	-1,514.99

	FV
	0

	P/Y
	12

	C/Y
	12


c) One reason for computing the equivalent APR is that this gives a basis for comparing two different loans. Assume the bank across the street was offering a 30-year,  $250,000 mortgage 6.1% but charged only one point. Which mortgage would you choose?

First we will calculate the monthly payments based on the original loan amount.

	N
	360

	I
	6.19

	PV
	247,500

	PMT
	-1,514.99

	FV
	0

	P/Y
	12

	C/Y
	12


Now we will calculate the equivalent APR.  One point will cost you $2,500 up front.
Problem 14 – The Housing Crisis.

The Housing Crisis was brought on by many different risky procedures.  Here we describe one very common scenario. Suppose you wanted to buy a $275,000 house and that you could only make a 10% down payment of $27,500.  You qualify for a 25-year, 5.4% loan - (With 20% down you would qualify for the lower 4.5% rate.)

	N
	300

	I
	5.4

	PV
	247,500

	PMT
	-1,505.12

	FV
	0

	P/Y
	12

	C/Y
	12


a) Compute your monthly payments. 

You are actually buying a house that in normal times would be out of your price range.  This is the kind of house many people felt they would eventually need. Buyers were told that housing prices were going up and not to miss out on a chance to get such a house.  Nevertheless, many people simply couldn’t afford these payments. 

 b) Many people could not afford the monthly payments calculated above.  Some banks would offer you the following deal: interest-only monthly payments for the first five years. Then pay the loan at 5.4% over the remaining 20 years. Compute the interest only payments. [image: image52.wmf]
	N
	300

	I
	4.5

	PV
	247,500

	PMT
	-1,375.69

	FV
	0

	P/Y
	12

	C/Y
	12


c) Suppose it works out as the lender suggested and after five years your house is worth $325,000 while your debt is still $247,500.  Technically now your down payment is $77,500, well over 20%.  According to the bank this means you can refinance at the lower interest rate of 4.5% and extend the loan for 25 years.

	N
	240

	I
	5.4

	PV
	247,500

	PMT
	-1,688.57

	FV
	0

	P/Y
	12

	C/Y
	12


d) Now we explore the scenario that actually played out for many people and caused them to lose their homes.  Suppose at the end of five years the value of your house has not gone up.  Currently you have only been paying the interest on your loan, You still owe $247,500 and you do not qualify for refinancing.  Now your monthly payments go up because you have to pay off the full $247,500 of the loan in the remaining 20 years. In this scenario  monthly payments went from $1,113,73 to $1,688.57.  Many people could not afford these payments and ended up losing their homes.
SECTION FOUR - Annuities

By an annuity we simply mean a financial plan that involves regular payments.  For an increasing annuity, you make regular payments into a savings account; for a decreasing annuity you make a lump sum deposit and then make regular withdrawals until the account is depleted. A loan is a decreasing annuity with the bank making a single deposit with you and then taking regular payments from you.  So the mathematical description of a decreasing annuity is the same as that of a loan.

In order parallel increasing annuities to decreasing annuities and loans, we start in way that may seem a bit strange.  Suppose that you plan to save $200 a month until you have enough to buy a home entertainment system costing about $2,500. You open an account today paying 6% but do not make your first deposit until the end of the first month. So at the end of the first month you have exactly $200 in the account.  At the end of the second month, you have the  $200 from the first payment plus interest and your second $200 payment: [image: image53.wmf]. The computation for the end of third month is:  [image: image54.wmf].  As with loans, you can track the progress of your annuity on the TI84:

Type 0 and press ENTER; this puts 0 in the answer memory.

Now type in 1.005 x ANS (the 2nd value of (-)) + 200 and press enter; this 

computes the amount in the account at the end of the first month and stores it in the answer memory.

Pressing ENTER again gives the amount in the account at the end of the second 

month and repeated pressing ENTER gives the history of the account.  

If you track the loan you see that at the end of 1 year you have $2,467.11 in the account – almost the $2,500 you want.  Of that amount $2,400 represents your payments and the $67.11 is interest your account has earned.

Some of the most important applications of both increasing and decreasing annuities involve planning for and managing funds after retirement.  We will concentrate on these applications.

The first few problems focus on the importance of opening a retirement account early in your life.

Problem 15 - Planning for Retirement. 

	N
	30

	I
	4.2

	PV
	0

	PMT
	4,000

	FV
	-306,720.08

	P/Y
	1

	C/Y
	1


a) If you are 30 and deposit $4,000 per year at 4.2% compounded annually into a savings account for 35 years, how much will you be able to withdraw upon retirement at age 65?

	N
	30

	I
	4.2

	PV
	0

	PMT
	4,000

	FV
	-231,983.74


	P/Y
	1

	C/Y
	1


b) Using the information in part a), suppose you wanted to wait 5 years to start making deposits.  How much would you have at retirement?

	N
	30

	I
	4.2

	PV
	0

	PMT
	-5,288.66

	FV
	306,720.08

	P/Y
	1

	C/Y
	1


c) If you choose to start saving for retirement at age 35 instead of 30, how much more does your deposit have to be to acquire the same amount of money in part a)?  Make an educated guess first, then do the computation.

?

Problem 16 - Disbursing funds during Retirement. 

Suppose that you have $1,237,400 in your retirement account when you retire at age 65 and assume that your account is paying at the rate of 6% compounded monthly.  

a) One standard option is to withdraw the interest only from your account. If you choose this option, just how big would your monthly payments be? 

$1,237,400.00 x .005 = $6,187.00
	N
	260.9977

	I
	6

	PV
	1,237,500

	PMT
	-8,500

	FV
	0

	P/Y
	12

	C/Y
	12


b) If you decide to withdraw $8,500 a month, how long would your account last?

261 months or 21 years and 9 months.

	N
	360

	I
	6

	PV
	1237500

	PMT
	-7419.44

	FV
	0

	P/Y
	12

	C/Y
	12


c) If you want to make sure that your account won’t run out before you turn 95, what is the largest your monthly payments can be?

Problem 17 - Planning for Retirement II.

You have 35 years until retirement and you feel that you will need $36,000 a year ($3,000 a month) in addition to your Social Security to live comfortably for the next 30 years of retirement if you earn 6% annual interest.

	N
	360

	I
	6

	PV
	500,374.84

	PMT
	-3000

	FV
	0

	P/Y
	12

	C/Y
	12


a) How much will you need in your account upon retirement so that you can withdraw $3,000 a month for the next 30 years?

	N
	420

	I
	6

	PV
	0

	PMT
	-351.21

	FV
	500,374.84

	P/Y
	12

	C/Y
	12


b) How much should you be depositing every month for the next 35 years so that you will have the amount in the account upon retirement that will enable you to withdraw $3,000 a month for the next 30 years?

One very big issue in planning for retirement is the payment of income taxes. There are two basic Individual Retirement Accounts, the Roth IRA and the Traditional IRA.  They both have tax advantages: the money deposited in Traditional IRA is tax deductible but you must pay income tax on all withdrawals including interest; the money deposited in a Roth IRA is ``after tax money" but all withdrawals including interest are tax free.  So one must decide when setting up a retirement account which type of IRA will best fit your needs.  

Problem 18 – IRAs.

Suppose that you feel that you can set aside $400 a month out of your pay for your retirement. Assume you are 30 years old and plan to retire at 65.  Your retirement account will pay 5% compounded monthly and you will be in the 25% tax bracket both while working and when retired. 

	N
	420

	I
	5

	PV
	0

	PMT
	400

	FV
	-454436.97 

	P/Y
	12

	C/Y
	12


a) If you deposit this $400 in a traditional IRA, you will not pay any income tax on these funds and you do not have to make any provisions to pay taxes on this $4,800 at the end of the year.  Compute the amount in your account upon retirement.

b) This amount includes both your deposits and the interest that they have earned.  You must pay 25% in income tax on this amount.  So, you will be able to use only 75% of what has accrued in the account. Compute the amount that you can use. 

$454,436.97 x .75  = $340,827.73
	N
	420

	I
	5

	PV
	0

	PMT
	300

	FV
	-340827.73

	P/Y
	12

	C/Y
	12


c) If you decide on a Roth IRA, you must set aside $100 each month to pay the income tax on this $4,800 at the end of the year. So you can only deposit $300 a month in your IRA. Compute the amount in your account upon retirement.

This amount includes both your deposits and the interest that they have earned.  You can use all it without paying any further income taxes. 

With this example, you see that there seems to be no basic advantage in either type of IRA.  A rule of thumb: choose the plan that has you paying income taxes in the lowest possible bracket. In other words, if you believe that you will be in a lower tax bracket after you retire, choose the traditional IRA; if you believe that you will be in a higher tax bracket after you retire, choose a Roth IRA.  
Problem 19 – more IRAs.

As above, suppose that that you can set aside $400 a month out of your pay for your retirement. Assume that you are 30 years old now, that you plan to retire at 65 and that your retirement account will pay 5% compounded monthly. 

a) Assume that you will be in the 28% tax bracket while working and drop to the 24% tax bracket when retired.  Compute the amounts you actually have after all taxes are paid for both types of IRAs.

	N
	420

	I
	5

	PV
	0

	PMT
	400

	FV
	-454436.97

	P/Y
	12

	C/Y
	12


Traditional

                       Roth 
	N
	420

	I
	5

	PV
	0

	PMT
	288

	FV
	-327,194.62

	P/Y
	12

	C/Y
	12


Traditional: You will only be able to keep $454,436,97x.76 =$345,372.10  
after taxes are paid.
Roth: Here you will be taxed on the money before it is deposited and hence make deposits of $400 x .72 = $288.

But the full balance at the end is tax free.

b) Assume that you will be in the 22% tax bracket while working but jump to the 30% tax bracket when retired.  Compute the amounts you actually have after all taxes are paid for both types of 

	N
	420

	I
	5

	PV
	0

	PMT
	400

	FV
	-454,436.97

	P/Y
	12

	C/Y
	12


Traditional

	N
	420

	I
	5

	PV
	0

	PMT
	312

	FV
	-354460.84

	P/Y
	12

	C/Y
	12


                         Roth

Traditional: You will only be able to keep $454,436.97x.70 =$318,105.88  
after taxes are paid.

Roth: Here you will be taxed on the money before it is deposited and hence make deposits of $400 x .78 = $312.           

                                  The full balance at the end is tax free.       

SECTION 5 - Credit Cards

The box below contains the summary of a typical credit card statement. All of the interest charges are 0 since this card has been paid off in full during the last few billings.  Nevertheless it is a good place to start in identifying the various computations that will have to be made if the card is not paid off in full.

[image: image55.png][INTEREST CHARGES

Your Annual Percentage Rate (APR)is the annual interest rate on your account.

Annual Balance Accrued

Balance Percentage Rate (APR) Subject To Interest Interest
Type 28 Days In Cycle Interest Rate Charges Charges
Purchases 7.99% (V) $0.00 $0.00 $0.00
Cash Advances 19.24% (v) $0.00 $0.00 $0.00
Balance Transfer 7.99% (V) $0.00 $0.00 $0.00

(v) = Variable Rate

Please see Information About Your Account section for the Calculation of Balance Subject to Interest Rate, Annual Renewal Notice,
How to Avoid Interest on Purchases, and other important information, as applicable.




Things to note: 

The two main categories, Purchases and Cash Advances, have different rules and different interest rates:

• The retailer pays the credit card company a percentage of the value of the purchase. So if you pay off your balance in full each month, this is sufficient revenue for the credit card company and you will not be charged any interest.  A cash advance, on the other hand, is a loan and you will have to pay interest on that loan from the day you get the advance, even if you pay your balance in full at the end of the month.

• The second big difference is that the interest rates on cash advances are much higher than the interest rates on purchases. 

• Another important fact about your credit card that you should understand is just how Fees and Service Charges are computed.  Two of the most common fees are: 

1) A fee up to $35 will be charged for a payment that is too small (less than the minimum) or late. In addition you could have your interest rates increased to as much as 29.99% on both purchases and cash advances. 

2) There is usually a service charge of a few dollars for using another bank’s ATM machine.

• The credit card company decides on your minimum payment. If you have been regularly paying off your balance, the minimum payment is usually about 2% of the balance.  But, if your debt has been building, the bank may decide to use 4% or 5% in computing your minimum payment. 

• The bank decides how your payment will be distributed between the two categories.  As you might guess a charge in the cash advances category will not be paid down until all purchases have been paid off.

• If you make a purchase or take a cash advance that brings you above your credit limit, you could be charged a large fee.  Even if your balance fell below the limit a few days later and your average daily balance was below that limit.

* If your balance due is just getting near your credit limit, the bank may choose to increase the APR on one or both of the categories. 

Computing the Balance Due and Minimum Payment on your Credit Card. 

This can be rather complicated. To keep track of the computations, we will use the following summary table.

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	
	
	
	
	
	
	


	Minimum payment:
	
	                                                   Total Due:
	


Computations for purchases and cash advances are listed in separate rows since the interest rates are different.  The Previous Balance is the Balance Due from the previous months bill and Accrued Interest is Interest and Fees from the previous bill.  New Activity will be the sum of the purchases (or cash advances) in that billing cycle. Payments denoted any payments made in that billing cycle. The Interest due on the card is computed using the same formula as was used for computing the interest paid on an interesting bearing checking account (Problem 6): 

(average daily balance) x  (daily periodic rate) x (number of days in the billing cycle)

The interest will be listed under Interest and any fees in the Fees column.  If you have been paying your card in full, the Balance Due will consist of the Previous Balance, New Activity and any Fees minus Payments; if you did not pay your card in full last time, the Interest and any Accrued Interest will be included too. 

We will explore just how this all works in this final problem. We assume that the interest rates are the ones listed above, that your billing cycle is from the first to the end of each month and that your payments are due on the 15th day of your billing cycle.   

Problem 20 - Credit Cards.

a) Let's start with a card that you have been paying off in full.  Your previous bill had a balance of  $863.16 with an interest charge of  $2.69 and a minimum payment of  $18.00.  

Your purchases in January are:  

$1,400 on Jan. 3, 

$800, on Jan. 7, 

$100, on Jan. 13, and   

$200 on Jan. 25.  

Assume that you pay the full amount ($863.16) on January 12.  Compute the interest and the minimum payment and fill in the rest of the following table.  Since you have been paying your card in full on time, you will not be charged accrued interest; nor will the interest on this month’s charges be included in Balance Due.

Sum of daily balances:  (863.16+2.69)x31+1400x29+800x25+100x19+200x6=74057.92
Interest:
[image: image56.wmf] 

Balance Due: 863.16+2500.00-863.16 = 2500.00
	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$863.16
	$2.69
	$2500.00
	$863.16
	$16.23
	$0.00
	$2500.00

	Cash 
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00


	Minimum payment:
	$50.00
	                                                 Total Due:
	$2500.00


b) Your purchases in February are:  

$1,000 on Feb. 3, 

$500, on Feb. 9, 

$400 on Feb. 25.  

You make only the minimal payment of $50 on the 14th. Compute the average daily balance and the interest for February.  Enter them in the summary table.  

Sum of daily balances:  2516.23x28+1000x26+500x20+400x4-50x13=107404.44
Interest: 
[image: image57.wmf]
Balance Due: 2500.00 + 16.23 + 1900.00 -50 + 23.51 = 4389.74

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$2500.00
	$16.23
	$1,900.00
	$50.00
	$23.51
	$0.00
	$4389.74

	Cash 
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00


	Minimum payment:
	$88.00
	                                                  Total Due:
	$4389.74


c) For the purchases category, assume that you have no purchases in March. But on March 10 you withdraw $500 cash from the ATM of a different bank. On Friday, March 12 you mail a payment of $1000. However, it is not received by the bank until Tuesday, March 16, a day late. You must add a $39 late payment fee in the Fees column.

For the purchases line:
Sum of daily balances: 4389.74x31-1000x15=121081.94

Interest: 
[image: image58.wmf]
Balance Due: 4389.74 – 1000 + 26.51 + 39.00 = 3455.25
For the Cash Advances category, you have no carryover so the balance is 0 for the first 9 days and $500 for the remaining 22 days. Compute the average daily balance and the interest for the Cash Advances category and enter them in your summary. Also under Fees Service Charges add a $3.50 fee for using the ``wrong" ATM.  

For the cash line:

Sum of daily balances: 500.00 x 22 = 11000

Interest: 
[image: image59.wmf]
Balance Due: 500 + 5.80 + 3.50= 509.30

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$4389.74
	$0.00
	$0.00
	$1000.00
	$26.51
	$39.00
	$3455.25

	Cash 
	$0.00
	$0.00
	$500.00
	$0.00
	$5.80
	$3.50
	$509.30


	Minimum payment:
	$80.00
	                                                  Total Due:
	$3964.55


Now summarize your credit card activities over these three months: compute the total purchases and cash advances minus your payments and compare this with what you actually owe the credit card company to see the actual amount that you paid for these 3 months of the credit card use.

Purchases + Cash – Payments:  44000 + 500 – 50 - 1000 =  3850.

Hence you are paying the credit card company $3964.55 – $3850.00 = $114.55 for 3 month’s use of the card.

d) Suppose that you decide to phase out this credit card by paying $1,000 on the due date for each of the next three months and then paying the balance in the 4th month.  How much more than the $3,964.55 will you end up paying? Assume that the bank will distribute your payments to their advantage.

April: For the purchases line:
Sum of daily balances: 3964.55x30-1000x15=103936.50

Interest: 
[image: image60.wmf]
Balance Due: 3455.25 – 1000 + 22.75 = 2478.00

Since the bank will subtract your payment from the purchases line you will full interest on the $509.30 for the full month: 509.30 x 30 x .1924/365 = 8.05
	APRIL
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$3455.25
	 $0.00
	 $0.00
	$1000.00
	$22.75
	 $0.00
	$2478.00

	Cash 
	$509.30
	 $0.00
	 $0.00
	 $0.00
	$8.05
	 $0.00
	$517.35


	Minimum payment:
	  $60
	                                                   Total 
	$2995.30


	MAY
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$2478.00
	 $0.00
	 $0.00
	$1000.00
	$13.31
	 $0.00
	$1491.31

	Cash 
	$517.35
	 $0.00
	 $0.00
	 $0.00
	$8.45
	 $0.00
	$525.80


	Minimum payment:
	  $60
	                                                   Total 
	$2017.11


	JUNE
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$1491.31
	 $0.00
	 $0.00
	$1000.00
	$6.51
	 $0.00
	$497.82

	Cash 
	$525.80
	 $0.00
	 $0.00
	 $0.00
	$8.31
	 $0.00
	$534.11


	Minimum payment:
	  $60
	                                                   Total 
	$1031.93


Last payment includes $497.82 plus $1.64 interest for 15 days on the purchases line plus 
$534.11 plus $4.22 on the cash line for a total of $1037.79.  Your payments total $4037.79 another $73.24 beyond the $3964.55 that you owed the bank.
APPENDIX 1 Deriving the Formulas for Loan and Annuities

We start by considering the sum of a geometric series:  Let r be any number and consider the sum  

[image: image61.wmf]
If we multiply both sides by [image: image62.wmf], we get 


[image: image63.wmf]
Solving for S gives 

[image: image64.wmf]
Increasing Annuities.  Recalling the convention for increasing annuities, We start with an account and a balance of $0.00 and at the end of each period a payment of fixed size is deposited into the account. Let Bn denote the balance at the end of the nth period, let i denote the periodic rate and let R denote the regular payments into the account.  Then

[image: image65.wmf];

[image: image66.wmf];

[image: image67.wmf];

and so on to get
[image: image68.wmf].

Taking (1+i)=r, the formula for the sum of a geometric series gives:

[image: image69.wmf] 

Decreasing Annuities and Loans. For Loans or decreasing annuities, a lump sum is put into an account or paid out as a loan and then regular payments are withdrawn or regular payments made at the end of each period until the account is depleted or the loan paid off. Again we let Bn denote the balance at the end of the nth period, i denote the periodic rate and let R denote the regular withdrawals from the account or payments on the loan. We denote the initial deposit or amount of the loan by B0.
[image: image70.wmf];

[image: image71.wmf] 

and so on to get
[image: image72.wmf]
If the account was set up to afford exactly N withdrawals or the loan was to be paid off in N payments, BN=0. 

 Hence: 

[image: image73.wmf];

and solving for R gives the formula for the size of the payments on a loan:

[image: image74.wmf]
SECTION ONE – Basic Computations and Compound Interest

Problem 1 – Periodic Interest Rates 

a) Suppose your bank offers you an annual interest rate of 1.01% and the interest is computed at the end of each month and added to the account.  What is the periodic rate (the interest rate scaled to the compounding period)?

b) An opposing bank offers you an annual rate of 1.2%.  The bank compounds quarterly, what is the periodic rate?

c) If the periodic rate is .5% compounded monthly, then what is the annual interest rate?

d) If the periodic rate is .05% compounded weekly, then what is the annual interest rate?

Problem 2 - Compound Interest 
For this problem you have $5,000 dollars and are deciding which bank to deposit it in.

a) One bank account pays an annual rate of 6% interest.  The compounding is done monthly, how much will be in your account at the end of the first month?

b) Using the information in part a, how much will you have at the end of the first year? What about 5 years and 3 months?

c) Another bank pays an annual rate 6% interest.  Suppose the compounding is done weekly, if you choose this account how much will be in your account at the end of the first week?

d) Using the information from part c), how much will you have at the end of the year?

e) How much more interest was accrued in one year by compounding weekly instead of monthly?  How much more would you get by compounding daily? (Assume 365 days.) 

Problem 3 - Present Value.

a) Calculate the present value of $5,000 three years from now if the going rate is 4.5% compounded monthly.

b) Which note is the most valuable the above $5,000 three years or $5,500, five years from now – assuming a rate of 4.5% compounded monthly?  Does the rate make a difference as to which note will be the most valuable?  Explain.

Problem 4 - Effective Interest Rate
a) Calculate the APY for a savings account that gives 5.6% compounded monthly.

b) Calculate the APY for a savings account that gives 5.65% compounded quarterly.

c) Which is the better account and why?

Problem 5 - Comparing Savings Accounts
Suppose your bank currently offers a savings account with a 1.01% annual rate compounded daily.  Another bank offers 1.3% compounded daily, but has a $1 dollar monthly fee.  How will you know which is the better deal?

a) If you only have $2,500 in the account for the month of September, which the better deal?

b) What if you had $5,000 in the account for the month of September, which is the better deal?

c) We have observed that for small amounts the first account works in your favor, and for larger amounts we would choose the second account.  What amount gives the break-even point between the two accounts?

Problem 6 - Computing for Savings and Interest Bearing Checking Accounts.

On savings and interest bearing checking accounts, typically interest is computed daily, but compounded monthly (this means that the interest is computed every day but added to the account only at the end of the month).  Accounts such as these typically have a lot of activity; this problem will show how interest is computed during these months.

Suppose your interest bearing checking account earns an annual interest rate of 3.65% and the bank will compound monthly.  

On Jan 1 you have $15,000 in the bank;  

On January 11 you pay $1,500 credit card bill;

On January 16 you deposit your $3,000 paycheck;

On January 21 you pay your son's $4,000 tuition bill.  

How much interest will you earn this month?

The bank computes your interest by first computing your average daily balance and then using the following formula: 

(average daily balance) x (daily periodic rate).

Use this formula to calculate the interest accrued during the month of January.

Problem 7 - Computing by Hand.

How were these computations done before our modern calculators and computers?  Just to fully understand the difficulties, try the next computation WITHOUT A CALCULATOR.  

We deposit $1,500 on the first of the year in an account paying an annual interest rate of 6% with quarterly compounding, how much is in the account at the end of the year?

Problem 8 – Loans.   

For each of the following loans, compute the payments for the Add-On Method and the payments and take-home amount for the Discount Method.

a) A loan of $2,500 at 4% for one year with monthly payments.

b) A loan of $2,500 at 6% for two years with monthly payments. [Be careful here: what is the periodic rate for two year at an annual rate of 6%?]
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SECTION TWO - Finance Formulas on the TI84

The TI84 has a general ``time-value-of-money" (TVM) equation built-in which will carry  out, with just a few key strokes, the otherwise tedious computations involved in compound interest, loans and annuities. 

To get to the TVM Solver:

1. Press the APPS key

2. “Finance"

3.  Select “TVM Solver"

We illustrate the use of the TVM Solver and identify the variables used in the calculator by working through a simple example: Suppose that you invest $4,263 today for 5 years at an annual interest rate of 6.5%, with monthly compounding.  How much money will be in your account at the end of the 5 years? 

1. N, the number of time periods. 

Since we are compounding monthly, the number of time periods is [image: image76.wmf] You can either enter 60 or simply 12x5 and let the calculator do the computation
2.  I, the annual interest rate as a percent (not as a decimal). 

So you should enter 6.5.

3.  PV, the present value. Since you are depositing $4,263 at the start of this investment, it is the present value.  Enter 4263, 

4. PMT the size of the regular monthly payments into the account (often called the rent).  Since we are making no such payments, enter 0.

5.  FV, the future value: the value of the investment at the end of 5 years. This is what we wish to compute. For now we leave this at whatever value is entered there.

5.  P/Y, the number of payment periods per year.  We will set this variable to equal the next variable, even when we are making no payments.    

6.  C/Y, the number of compounding periods per year.  

In this example, it is 12.   

7.  The timing of payments or the adding of interest. In this example and in general, we will set this at ``END".

Now that all variables have been set, we move the cursor to the variable for which we wish to solve, in this case, FV, and enter the solve command (press alpha and enter): The value $-5894.95$ should appear after FV.

SECTION THREE - Loans

Problem 9 – Loans.   

Compute the payments on each of the following loans:

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) A 25-year mortgage of  $270,000 at 5.25% with monthly payments.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


b) A 7-year commercial loan at 4.75% with quarterly payments.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) A 1-year private loan of $1,000 at 6% with monthly payments.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


d) A 1-year private loan of $940 at 6% with monthly payments.

Problem 10 – The real interest rates when using the add-on and discount methods.

a) To compute the equivalent APR for the example loans, use the TVM Solver and enter: 

	N
	12

	I
	?

	PV
	1000

	PMT
	-88.33

	FV
	0

	P/Y
	12

	C/Y
	12


(add-on method)

	N
	12

	I
	?

	PV
	940

	PMT
	-83.33

	FV
	0

	P/Y
	12

	C/Y
	12


(discount method)

Problem 11 - Short-term Loans.
	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) Suppose you want to buy the new 2010 Civic Hybrid for $23,800 and you’re given a 5 year loan at 5.3% APR paid monthly.  How much are your monthly payments?

b) Given the information in part a), how much do you end up paying for the car at the end of five years? How much of that was interest?

c) Suppose you prefer the 2010 Civic Sedan with some extra features for $21,580.  The dealer offers you two payment options.  Option 1:  0% APR for five years. Option 2: $3,000 cash back and 5.4% APR for five years.  Which is the better deal?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


d) You promised your daughter that if she went to a public school for her undergraduate degree you would buy her a new car at graduation.  Currently you can only afford an extra $400 a month towards the car and the best loan available is a 5 year loan at 5.4% APR.  What price range should you be looking at?

Problem 12 – Long-term Loans (Mortgages).
Consider a $250,000, 25-year mortgage at 5.2\% APR.  

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) What are your monthly payments?

b) How much will you end up paying for the house?

c) What is the periodic rate?  How much of your first payment will go to interest?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


d) How much do you owe after ten years?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


e) How long will it take you to pay off half of the loan?

f) To reduce your payments, consider a 30-year mortgage at the same rate. What are your monthly payments?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


g) In this case, how much would you end up paying for the house?

h) How much of your first payment will go to interest?

i) By further extending the length of the loan how low could you get your payments? 

Explain.

Problem 13 - Mortgages with Points.
One point is 1% of the principal amount of the loan and is to be paid up front. You should think of points as additional interest charged by the discount method. 

a) Find the APR for a 30-year mortgage of $250,000 with an interest rate of 6% and monthly compounding and two points.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


i) What are the monthly payments?

ii) What is the dollar amount of these two points?

iii) What is the actual amount that you have to pay toward the house once the points have been deducted?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


b) If you were to borrow the amount that you actually received and made these payments for 30 years, what would be the interest rate that is being charged?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) One reason for computing the equivalent APR is that this gives a basis for comparing two different loans. Assume the bank across the street was offering a 30-year,  $250,000 mortgage 6.1% but charged only one point. Which mortgage would you choose?

\

Problem 14 – The Housing Crisis.

The Housing Crisis was brought on by many different risky procedures.  Here we describe one very common scenario. Suppose you wanted to buy a $275,000 house and that you could only make a 10% down payment of $27,500.  You qualify for a 25-year, 5.4% loan - (With 20% down you would qualify for the lower 4.5% rate.)

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) Compute your monthly payments. 

b) Many people could not afford the monthly payments calculated above.  Some banks would offer you the following deal: interest-only monthly payments for the first five years. Then pay the loan at 5.4% over the remaining 20 years.  Compute the interest only payments.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) Suppose it works out as the lender suggested and after five years your house is worth $325,000 while your debt is still $247,500.  This means that you have the equivalent of a down payment of $77,500, well over 20%.  According to the bank this means you can refinance at the lower interest rate of 4.5% and extend the loan for 25 years. 

Calculate your new monthly payments.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	

	
	


d) Now we explore the scenario that actually played out for many people and caused them to lose their homes.  Suppose at the end of five years the value of your house has not gone up.  Currently you have only been paying the interest on your loan, You still owe $247,500 and you do not qualify for refinancing.  Now your monthly payments go up because you have to pay off the full $247,500 of the loan in the remaining 20 years. 

Calculate your new monthly payments.

SECTION FOUR - Annuities

Problem 15 - Planning for Retirement. 

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) If you are 30 and deposit $4,000 per year at 4.2% compounded annually into a savings account for 35 years, how much will you be able to withdraw upon retirement at age 65?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


b) Using the information in part a), suppose you wanted to wait 5 years to start making deposits.  How much would you have at retirement?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) If you choose to start saving for retirement at age 35 instead of 30, how much more does your deposit have to be to acquire the same amount of money in part a)?  Make an educated guess first, then do the computation.

Problem 16 - Disbursing funds during Retirement. 

Suppose that you have $1,237,400 in your retirement account when you retire at age 65 and assume that your account is paying at the rate of 6% compounded monthly.  

a) One standard option is to withdraw the interest only from your account. If you choose this option, just how big would your monthly payments be? 

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


b) If you decide to withdraw $8,500 a month, how long would your account last?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) If you want to make sure that your account won’t run out before you turn 95, what is the largest your monthly payments can be?

Problem 17 - Planning for Retirement II.

You have 35 years until retirement and you feel that you will need $36,000 a year ($3,000 a month) in addition to your Social Security to live comfortably for the next 30 years of retirement if you earn 6% annual interest.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) How much will you need in your account upon retirement so that you can withdraw $3,000 a month for the next 30 years?

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


b) How much should you be depositing every month for the next 35 years so that you will have the amount in the account upon retirement that will enable you to withdraw $3,000 a month for the next 30 years?

Problem 18 – IRAs.

Suppose that you feel that you can set aside $400 a month out of your pay for your retirement. Assume you are 30 years old and plan to retire at 65.  Your retirement account will pay 5% compounded monthly and you will be in the 25% tax bracket both while working and when retired. 

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


a) If you deposit this $400 in a traditional IRA, you will not pay any income tax on these funds and you do not have to make any provisions to pay taxes on this $4,800 at the end of the year.  Compute the amount in your account upon retirement.

b) This amount includes both your deposits and the interest that they have earned.  You must pay 25% in income tax on this amount.  So, you will be able to use only 75% of what has accrued in the account. Compute the amount that you can use. 

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


c) If you decide on a Roth IRA, you must set aside $100 each month to pay the income tax on this $4,800 at the end of the year. So you can only deposit $300 a month in your IRA. Compute the amount in your account upon retirement.

This amount includes both your deposits and the interest that they have earned.  You can use all it without paying any further income taxes. 

Problem 19 – more IRAs.

As above, suppose that that you can set aside $400 a month out of your pay for your retirement. Assume that you are 30 years old now, that you plan to retire at 65 and that your retirement account will pay 5% compounded monthly. 

a) Assume that you will be in the 28% tax bracket while working and drop to the 24% tax bracket when retired.  Compute the amounts you actually have after all taxes are paid for both types of IRAs.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


Traditional

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


Roth

b) Assume that you will be in the 22% tax bracket while working but jump to the 30% tax bracket when retired.  Compute the amounts you actually have after all taxes are paid for both types of IRAs.

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


Traditional

	N
	

	I
	

	PV
	

	PMT
	

	FV
	

	P/Y
	

	C/Y
	


Roth

SECTION 5 - Credit Cards

The box below contains the summary of a typical credit card statement. All of the interest charges are 0 since this card has been paid off in full during the last few billings.  Nevertheless it is a good place to start in identifying the various computations that will have to be made if the card is not paid off in full.

[image: image77.png][INTEREST CHARGES

Your Annual Percentage Rate (APR)is the annual interest rate on your account.

Annual Balance Accrued

Balance Percentage Rate (APR) Subject To Interest Interest
Type 28 Days In Cycle Interest Rate Charges Charges
Purchases 7.99% (V) $0.00 $0.00 $0.00
Cash Advances 19.24% (v) $0.00 $0.00 $0.00
Balance Transfer 7.99% (V) $0.00 $0.00 $0.00

(v) = Variable Rate

Please see Information About Your Account section for the Calculation of Balance Subject to Interest Rate, Annual Renewal Notice,
How to Avoid Interest on Purchases, and other important information, as applicable.




Things to note: 

The two main categories, Purchases and Cash Advances, have different rules and different interest rates:

• The retailer pays the credit card company a percentage of the value of the purchase. So if you pay off your balance in full each month, this is sufficient revenue for the credit card company and you will not be charged any interest.  A cash advance, on the other hand, is a loan and you will have to pay interest on that loan from the day you get the advance, even if you pay your balance in full at the end of the month.

• The second big difference is that the interest rates on cash advances are much higher than the interest rates on purchases. 

• Another important fact about your credit card that you should understand is just how Fees and Service Charges are computed.  Two of the most common fees are: 

1) A fee up to $35 will be charged for a payment that is too small (less than the minimum) or late. In addition you could have your interest rates increased to as much as 29.99% on both purchases and cash advances. 

2) There is usually a service charge of a few dollars for using another bank’s ATM machine.

• The credit card company decides on your minimum payment. If you have been regularly paying off your balance, the minimum payment is usually about 2% of the balance.  But, if your debt has been building, the bank may decide to use 4% or 5% in computing your minimum payment. 

• The bank decides how your payment will be distributed between the two categories.  As you might guess a charge in the cash advances category will not be paid down until all purchases have been paid off.

• If you make a purchase or take a cash advance that brings you above your credit limit, you could be charged a large fee.  Even if your balance fell below the limit a few days later and your average daily balance was below that limit.

* If your balance due is just getting near your credit limit, the bank may choose to increase the APR on one or both of the categories. 

Computing the Balance Due and Minimum Payment on your Credit Card.

The interest due on the card is computed using the same formula as was used for computing the interest paid on an interesting bearing checking account  (Problem 6). Since each category has different interest rates and different rules, you really have to treat them as different accounts. In each category, you compute the average daily balance. The interest due for each category is then given by:

    (average daily balance) x  (daily periodic rate) x (number of days in the billing cycle)

Fees and Service Charges plus any carryover finance charges are listed next as Accumulated Charges. 

We will explore just how this all works in this final problem. We assume that the interest rates are the ones described above, that your billing cycle is from the first to the end of each month and that your payments are due on the 15th day of your billing cycle.   

Problem 20 - Credit Cards.

a) Let's start with a card that you have been paying off in full.  Your previous bill had a balance of  $863.16 with an interest charge of  $2.69 and a minimum payment of  $18.00.  

Your purchases in January are:  

$1,400 on Jan. 3, 

$800, on Jan. 7, 

$100, on Jan. 13, and   

$200 on Jan. 25.  

Assume that you pay the full amount ($863.16) on January 12.  Compute the interest and the minimum payment and fill in the rest of the following table.  Since you have been paying your card in full on time, you will not be charged accrued interest; nor will the interest on this month’s charges be included in Balance Due.

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	$863.16
	$2.69
	$2500.00
	$863.16
	
	
	

	Cash 
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00

	Minimum payment:
	
	(Use the 2% for minimum payment)       Total Due:
	


b) Your purchases in February are:  

$1,000 on Feb. 3, 

$500, on Feb. 9, 

$400 on Feb. 25.  

You make only the minimal payment of $50 on the 14th. Compute the average daily balance and the interest for February.  Enter them in the summary table.  

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00
	$0.00

	Minimum payment:
	
	(Use the 2% for minimum payment)       Total Due:
	


c) For the purchases category, assume that you have no purchases in March. But on March 10 you withdraw $500 cash from the ATM of a different bank. On Friday, March 12 you mail a payment of $1000. However, it is not received by the bank until Tuesday, March 16, a day late. You must add a $39 late payment fee in the Fees column.

Now for the Cash Advances category, you have no carryover so the balance is 0 for the first 9 days and $500 for the remaining 22 days. Compute the average daily balance and the interest for the Cash Advances category and enter them in your summary. Also under Fees Service Charges add a $3.50 fee for using the ``wrong" ATM.  

	
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	$0.00
	$0.00
	
	
	
	
	

	Minimum payment:
	
	(Use the 2% for minimum payment)       Total Due:
	


Now summarize your credit card activities over these three months: compute the total purchases and cash advances minus your payments and compare this with what you actually owe the credit card company to see the actual amount that you paid for these 3 months of the credit card use.

d) Suppose that you decide to phase out this credit card by paying $1,000 on the due date for each of the next three months and then paying the balance in the 4th month.  How much more than the $3,964.55 will you end up paying? Assume that the bank will distribute your payments to their advantage.

	APRIL
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	
	
	
	
	
	
	


	Minimum payment:
	
	                                                   Total 
	

	MAY
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	
	
	
	
	
	
	


	Minimum payment:
	
	                                                   Total 
	


	JUNE
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	
	
	
	
	
	
	


	Minimum payment:
	
	                                                   Total 
	


	JULY*
	Previous Balance
	Accrued Interest
	New Activity
	Payments
	Interest 
	Fees
	Balance

Due

	Purchases
	
	
	
	
	
	
	

	Cash 
	
	
	
	
	
	
	


	Minimum payment:
	
	                                                   Total 
	


*If you plan to close out an account mid-cycle, you must add the interest accrued so far during that cycle.
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