ENRICHMENT PROJECT #7
GEOMETRIC DIFFERENTATION AND INTEGRATION
Abstract: This project is intended to have students work geometrically with the ideas of function of slopes of a curve (the derivative) and the area function (integral). 

Format: We start with a description of the project as presented to the students – including instructions, explanations and comments by the teacher.  A set of Worksheet Templates is then appended to the end.

Note to the teacher:  In this activity you will want to have the students analyze the behavior of the function over a particular interval.  This will help you bridge the idea of average rate of change to instantaneous rate of change.  It will also help to lay the foundations for the ideas behind Riemann Sums, integration and the fundamental theorem of calculus.
One can accurately estimate the slope of a line by locating two intersection points that the line passes through and using the informal definition of slope: “rise over run.” 

Worksheet #1.  Estimating Slopes
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Estimate slope a   ____

Estimate slope b   ____

Estimate slope c   ____

Estimate slope d   ____

Worksheet #2

Sketch lines with the following slopes:

Line A – slope [image: image2.wmf]
Line B – slope -1

Line C – slope [image: image3.wmf]
Line D – slope [image: image4.wmf]
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The derivative [image: image6.wmf]of the function f is the function that has, for the value[image: image7.wmf], the slope of the tangent line to the graph of f at x. With this geometric definition students should be able to make a reasonable graph for [image: image8.wmf] In the next few worksheets students are asked to carryout this “geometric differentation.”

Worksheet #3.
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Above is the graph of h(x);  on the following grid make a rough sketch of [image: image10.wmf] by estimating the slope of the tangent line at several points on the graph of h(x).
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The derivative is the linear function [image: image12.wmf].
Worksheet #4. 
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Above is the graph of g(x);  on the following grid make a rough sketch of [image: image14.wmf] by estimating the slope of the tangent line at several points on the graph of g(x).
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The derivative is the quadratic function [image: image16.wmf], pictured on the previous worksheet.

The Area Function.  Given a function f(x) and a starting value x0 we define the area function Af as follows: Af(x) is the area between the graph of f and the x-axis where areas of regions below the x-axis are considered negative.
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Here our starting value is x0=-2.5. 

So Af(-2.5)=0.

Estimating the red region below the curve, above the x-axis and between -2.5 and -2 at about 2 small squares or an area of ½, we estimate Af(-2)= ½ and plot it. 

The next blue area is slight less than half of a little square or slightly less than an eighth of a unit square – say one tenth. So we estimate Af(-1.5)=.6
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The next red area is slightly more than an                                                                            eighth, say .15; but it is below the x-axis. So we subtract .15 from .6 and plot 

Af(-1)=.45.

Continuing this process of estimation, we sketch the graph of Af to the left.

Suppose that we started with x0=-2.  In this case, Af(-2)=0 not .5 and the entire graph would then be shifted down by one half a unit. Nevertheless it would have the same shape.
With this shifting in mind we can arbitrarily assign an initial value to Af(x0). For example, the graph of the area function of the function f with Af(x0)=1 is simply the curve we just computed shifted up one unit. Similarly, taking Af(x0)=-1 would shift the curve down one unit.  
Worksheet #5
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Graph the area function of this function with Af(-2)=1
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The area function is the quadratic on worksheets  #3 and #6

Worksheet #6
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Graph the area function of this function with Af(-2.5)=-1
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The area function is the cubic function on worksheet  #4
Worksheet #1.  Estimating Slopes
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Estimate slope a   ____

Estimate slope b   ____

Estimate slope c   ____

Estimate slope d   ____

Worksheet #2.
Sketch lines with the following slopes:

Line A – slope [image: image24.png]N | —




Line B – slope -1

Line C – slope [image: image25.png]| W




Line D – slope [image: image26.png]w | N
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Worksheet #3.
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Above is the graph of h(x);  on the following grid make a rough sketch of [image: image29.wmf] by estimating the slope of the tangent line at several points on the graph of h(x).
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Worksheet #4. 
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Above is the graph of g(x);  on the following grid make a rough sketch of [image: image32.wmf] by estimating the slope of the tangent line at several points on the graph of g(x).
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Worksheet #5.
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Graph the area function of this function with Af(-2)=1
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Worksheet #6
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Graph the area function of this function with Af(-2.5)=-1
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