ENRICHMENT PROJECT #5

TAX INCLUDED PRICES

Abstract:  This enrichment project helps build awareness of how sales tax works.  You can use this to build number sense, particularly with changing between percentages and decimals.  Students will have to reason numerically in order to formalize patterns into algebraic expressions.  
Format: We start with a description of the project as presented to the students – including instructions, explanations and comments by the teacher.  A set of Worksheet Templates is then appended to the end.

“There are only two things that are certain in life, death and taxes.” – Benjamin Franklin
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Let’s talk about sales tax.  Suppose the area where you live requires 10% sales tax.  When sales taxes are collected the usual rounding rules are used.  
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For example, if a CD sells for $18.99 then the sales tax is obtained by multiplying the selling price by 10% or .10, doing this we get (18.99)x(.10)=1.899.  Since we can’t charge someone $1.899, we would round this up to $1.90.  The total cost would be $18.99 + $1.90 =  $20.89. 
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Similarly, if you were to buy a binder at Staples for $2.71 then the sales tax would be (2.71)x(.10)=.271.  We would round the sales tax to $0.27, so the total cost would be $2.71 + $0.27 = $2.98.

Worksheet #1.  Assume a 10% sales tax on an item costing x cents
Write a formula for finding the sales tax of an item?

Write a formula for finding the total cost of an item?

Worksheet #2.
QUESTION 1.  Suppose that you are selling souvenir jackets outside of Yankee Stadium where it is difficult to make small change.  So, you wish to advertise a price that includes sales tax and is an even dollar amount.  You can still assume that the sales tax in this area is 10%.
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You had planned on selling the shirts for $18.  However, the sales tax would be $1.80 and the total cost of the item would be $19.80.  

How could you change the selling price so that the total price will be exactly $20?

QUESTION 2.  At the next Yankee Stadium event you plan to sell t-shirts too.  Since t-shirts cost less to make than souvenir jackets you decide sell them for $4.60.  This will make the tax in cluded price $5.06. 
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However, you still want a tax-included price that is an even dollar amount.  You feel that $6 is too much to charge.  

What is the selling price that will make the tax-included price exactly $5?

HYPOTHESIS/BRAINSTORMING:  

So now you have seen some dollar amounts, like $20 which can be tax-included prices and other amounts like $5 which can not be tax included prices.

Do you think you could find a pattern for all the prices that cannot be tax included?

How might you go about figuring this out?

Workshop #3  EXPLORATION/EXPERIMENT
- Make a table of consecutive tax-included prices and look for a pattern of the missing prices.

- Once you feel you found a pattern try to create a formula for the prices missing from the list of tax included prices. 
- Does the formula predict $5?  

	price
	tax
	total
	missing

	.01
	.00
	.01
	

	.02
	.00
	.02
	

	.03
	.00
	.03
	

	.04
	.00
	.04
	

	.05
	.01
	.06
	.05

	.06
	.01
	.07
	

	.07
	.01
	.08
	

	.08
	.01
	.09
	

	.09
	.01
	.10
	

	.10
	.01
	.11
	

	.11
	.01
	.12
	

	.12
	.01
	.13
	

	.13
	.01
	.14
	

	.14
	.01
	.15
	

	.15
	.02
	.17
	.16

	.16
	.02
	.18
	

	.17
	.02
	.19
	

	.18
	.02
	.20
	

	.19
	.02
	.21
	

	.20
	.02
	.22
	

	.21
	.02
	.23
	

	.22
	.02
	.24
	

	.23
	.02
	.25
	

	.24
	.02
	.26
	

	.25
	.03
	.28
	.27


It seems that the missing tax-included prices increase by 11 cents each time. So you might predict that 0.27+0.11=0.38 will be the next missing tax-included price.  To check this we note that 3 or 4 cents of the 38 cents will be tax. So we start a short table starting with a 34 cent sales price:   

	.34
	.03
	.37
	

	.35
	.04
	.39
	.38

	.36
	.04
	.40
	


So it seems that the linear function  p = 0.11n+0.05  should give all of the missing tax-included prices as n=0,1,2…  To verify this observation consider the sales prices of the form 0.10n+0.04 (4 cents, 14 cents, 24 cents …); the corresponding tax-included prices are 1.1(0.10n+0.04)= 0.11 n+0.04. However, the next sales prices 0.10n+0.05 (5 cents, 15 cents, 25 cents …) have tax-included prices of 1.1(0.10n+0.05)= 0.11 n+0.06; skipping over 0.11n+0.05.

If p is a missing tax included price, then  p = 0.11n+0.05  for some whole number n. But then the fraction (p-0.05)/0.11 must be a whole number. In other words: if  p-0.05  is divisible by  0.11, then p is not a tax-included price and, if  p-0.05  is not divisible by 0.11, then p is a tax-included price.

Checking this test on $5.00:  

5.00-.05=4.95 and 4.95/0.11=45; so $5.00 is not a tax-included price.  

Checking this test on $20.00:  

20.00-.05=19.95 and 19.95/0.11 = 181.3636…; so $20.00  is a tax-included price.

Why must there always be values that cannot be tax-included price?  With a 10\% tax the 100 sales prices from 1 cent to 1 dollar give all of the tax-included prices between 1 cent and \$1.10.  So only 100 of the amounts between $0.01 and $1.10 can be tax-included prices. This means that 10 of the amounts between $0.01 and $1.10 cannot be tax-included prices. In other words, 10/110=1/11 of the amounts from $0.01 to $1.10 are not tax-included prices.  The same argument for a t% tax (where t is a whole number):  exactly 100 of the amounts between $0.01 and $(1.00 + t /100) are tax-included prices; so t of the amounts between $0.01 and $(1.00 + t /100) are not tax-included prices.

If the students find this topic interesting and challenging, one can expand the study to consider other tax percentages even fractional tax percentages, 8.5\% for example. Here, to see the pattern, one should consider the amounts from \$0.01 to \$10.85 and note that there are 85 non-tax-included prices among these 1085 amounts. The fraction of non-tax-included prices is 85/1085=17/217. The first non-tax-included price is $0.06, the next is $0.19 followed by  $0.32…  The pattern of increases is 

13,13,13,12,13,13,13,12,13,13,13,13,12,13,13,13,12

(notice the extra 13 in the third batch of 13s). This pattern of 17 increases between non tax-included is then repeated forever.

Worksheet #1.  Assume a 10% sales tax on an item costing x cents

Write a formula for finding the sales tax of an item?

Write a formula for finding the total cost of an item?

Worksheet #2.
QUESTION 1.  Suppose that you are selling souvenir jackets outside of Yankee Stadium where it is difficult to make small change.  So, you wish to advertise a price that includes sales tax and is an even dollar amount.  You can still assume that the sales tax in this area is 10%.
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You had planned on selling the shirts for $18.  However, the sales tax would be $1.80 and the total cost of the item would be $19.80.  

How could you change the selling price so that the total price will be exactly $20?

QUESTION 2.  At the next Yankee Stadium event you plan to sell t-shirts too.  Since t-shirts cost less to make than souvenir jackets you decide sell them for $4.60.  This will make the tax in cluded price $5.06. 
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However, you still want a tax-included price that is an even dollar amount.  You feel that $6 is too much to charge.  

What is the selling price that will make the tax-included price exactly $5?

Worksheet #3. EXPLORATION/EXPERIMENT

Make a table of consecutive tax-included prices; look for a pattern of the missing prices.

	Price of the item
	Tax

Write the formula for the tax ___________________________


	Tax included price
Write the formula for the total price

_________________

	.01
	.00
	.01

	.02
	.00
	.02

	.03
	.00
	.03

	.04
	.00
	.04

	.05
	.01
	.06*

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


Once you feel you found a pattern try to create a formula for the prices missing from the list of tax included prices. Does the formula predict $5?  

Can you find and arithmetic test that will check if a price can be tax-included or not?

Can you explain why must there always be values that cannot be tax-included prices?
