ENRICHMENT PROJECT #4

THE TRIANGLE AND TETRAHEDRAL NUMBERS

Abstract:  In this activity students will work with the triangle and tetrahedral numbers.  This should develop their numeric and algebraic reasoning.  Constructing tables and looking at successive differences, students should be able to understand the degree of polynomials that model the triangle and tetrahedral numbers and then find the formulas for those numbers.
Format: We start with a description of the project as presented to the students – including instructions, explanations and comments by the teacher.  A set of Worksheet Templates is then appended to the end.

Consider the song The 12 days of Christmas

On the first day of Christmas, 

my true love sent to me 

A partridge in a pear tree.

On the second day of Christmas, 

my true love sent to me 

Two turtle doves, 

And a partridge in a pear tree.

On the third day of Christmas, 

my true love sent to me 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the fourth day of Christmas, 

my true love sent to me 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the fifth day of Christmas, 

my true love sent to me 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the sixth day of Christmas, 

my true love sent to me 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the seventh day of Christmas, 

my true love sent to me 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the eighth day of Christmas, 

my true love sent to me 

Eight maids a-milking, 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the ninth day of Christmas, 

my true love sent to me 

Nine ladies dancing, 

Eight maids a-milking, 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the tenth day of Christmas, 

my true love sent to me 

Ten lords a-leaping, 

Nine ladies dancing, 

Eight maids a-milking, 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the eleventh day of Christmas, 

my true love sent to me 

Eleven pipers piping, 

Ten lords a-leaping, 

Nine ladies dancing, 

Eight maids a-milking, 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree.

On the twelfth day of Christmas, 

my true love sent to me 

Twelve drummers drumming, 

Eleven pipers piping, 

Ten lords a-leaping, 

Nine ladies dancing, 

Eight maids a-milking, 

Seven swans a-swimming, 

Six geese a-laying, 

Five golden rings, 

Four calling birds, 

Three French hens, 

Two turtle doves, 

And a partridge in a pear tree!}

Worksheet #1. LET’S COUNT!!

How many presents are given on the first day of Christmas?

How many presents are given on the second day of Christmas?

How many presents are given on the third day of Christmas?

What about the fifth day of Christmas?

How would you figure out how many gifts were given by the last day of Christmas?

Worksheet #2. LET’S FIND A FORMULA!!

What if the gifts kept on coming?  How would we be able to tell how many gifts were given on the 109th day?  If we can come up with an equation, then we would be able to tell this without having to add A LOT of numbers. Start by making a table, try to see if you see any patterns.

	Day Number
	Number of Presents Given

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	


Note to the teacher:

Students may first come up with the expression 1 + 2 + 3 + 4 + … + n, as the nth term for the formula.  However, this is in NEXT = (NOW + term) format, also know as a recursive formula.  

Let them know that this is in fact the nth term.  However, this expression will not help us find the number of presents on any day without having to count all of the previous days.  Tell them that we are trying to find a formula that will give us the number of presents far into the future.

This may be difficult for the students to figure depending on their level.  Have the students use the table to observe the first differences and the second differences.  They will see that the first difference is not constant, but the second difference is.  This will help them see that the formula will need to be a quadratic.  

	Number of Days
	Number of Presents
	First Differences
	Second Differences

	1


	1
	
	

	
	
	2
	

	2


	3
	
	1

	
	
	3
	

	3
	6
	
	1

	
	
	4
	

	4


	10
	
	1

	
	
	5
	

	5


	15
	
	1

	
	
	6
	

	6


	21
	
	1

	
	
	7
	

	7


	28
	
	1

	
	
	8
	

	8


	36
	
	

	
	
	
	


Present and discuss the following ideas:

When the second difference are constant, the closed form is a quadratic equation.  Their general form looks like [image: image1.wmf].  In another enrichment project, we explore just why this is true. 

Do we think that there is a number added every single time we move from the number of presents on one day to the next?  Or does the number entirely depend on the number of presents the day before?  How could this relate to whether we need a constant term?

Students should be able to gather that there is no constant term.

With a little guess and check students may be able to derive the formula.

The expression [image: image2.wmf] is not satisfactory because it requires [image: image3.wmf]additions; there is a way with fewer operations.  It is also not satisfactory, although it is tempting, to conclude something equivalent to the recursive relationship that [image: image4.wmf] where [image: image5.wmf]is the number of gifts given on the [image: image6.wmf]day. This still requires the same [image: image7.wmf]additions.  The goal is a direct computation of say the [image: image8.wmf]day's gifts without doing all the adding.  Here is what we are after:

[image: image9.wmf]
Here is one way to derive the formula, which you could show after students have worked a while.  Write the expression

[image: image10.wmf]
Then pair up the first and the last, the second and the second to last, etc.
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Notice that the sum of each pair is $n+1$.   Since there are [image: image12.wmf] pairs the sum is [image: image13.wmf] Why does this work even if [image: image14.wmf]is odd?

Another approach once you have concluded that the formulas is quadratic is to produce a system of linear equations in the coefficients of that polynomial.  Evaluating  f(x) at 1 gives  the linear equation   a +b +c =1; evaluating at 2 gives 4a +2b +c =3; and evaluating at 3 gives 9a +3b +c =6.  Solving the system

a +b +c =1
4a +2b +c =3

9a +3b +c =6

yields 
[image: image15.wmf] and c = 0  or 
[image: image16.wmf]
The numbers [image: image17.wmf]are the so-called triangular numbers because they are the number of dots in each of the triangular arrangements where we obtain the next arrangement by adjoining a new row with one additional dot to the previous arrangement.

[image: image18.png]



Once you have found the number of gifts given each day, it is natural to ask: How many gifts were given over all of the 12 days of Christmas? In general, we wish to find a formula for the total number of gifts received after [image: image19.wmf]days.

This is equivalent to determining what we might call the tetrahedral numbers.  Here we think of a triangular pyramid of oranges in a produce display where each layer of the pyramid contains a triangular number of oranges. The number of oranges on top is 1, the first triangular number; the number of oranges at the second level is 3, the second triangular number; the number of oranges at the third level is 6, the third triangular number; and so on.

[image: image20.png]



Finding the formula for the tetrahedral numbers is harder than finding the formula for triangular numbers.  There isn't a neat way to pair up the numbers in this case.  The formula is pretty, but students may have to guess and check, probably a table will help.  

The formula is

[image: image21.wmf]
A generalization of the orange pyramid problem is to consider pyramids of oranges whose bases are square.  This leads to the formula for the sum of the perfect squares:

[image: image22.wmf]
You can also have students compare the difference for the triangle numbers to the differences of the tetrahedral numbers.

There are several things students can notice. 

- They may notice that the first difference of the tetrahedral numbers are in fact the triangle numbers.  You can use this as a way to explain why the function is cubic.

- They may also notice that the third difference is constant and this means that the equation must be a cubic.

	Tetrahedron 

Height
	Number of Oranges
	First Differences
	Second Differences
	Third Differences

	1


	1
	
	
	

	
	
	3
	
	

	2


	4
	
	3
	

	
	
	6
	
	1

	3
	10
	
	4
	

	
	
	10
	
	1

	4


	20
	
	5
	

	
	
	15
	
	1

	5


	35
	
	6
	

	
	
	21
	
	1

	6
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	28
	
	1

	7


	84
	
	8
	

	
	
	36
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Once you have concluded that the tetrahedral numbers are given by a cubic, you can solve the system of four equations in the four coefficients to find the polynomial.

WORKSHEET #1 LET’S COUNT!!

How many presents are given on the first day of Christmas?

How many presents are given on the second day of Christmas?

How many presents are given on the third day of Christmas?

What about the fifth day of Christmas?

How would you figure out how many gifts were given by the last day of Christmas?

Worksheet #2. LET’S FIND A FORMULA!!

What if the gifts kept on coming?  How would we be able to tell how many gifts were given on the 109th day?  If we can come up with an equation, then we would be able to tell this without having to add A LOT of numbers.

Start by making a table, try to see if you see any patterns.

	Day Number
	Number of Presents Given

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	

	
	


Worksheet #3.  The triangular numbers by successive differences.

[image: image23.png]



	Number of Days
	Number of Presents
	First Differences
	Second Differences
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Worksheet #4.  The tetrahedral numbers by successive differences.

[image: image24.png]



	Tetrahedron 

Height
	Number of Oranges
	First Differences
	Second Differences
	Third Differences
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