ENRICHMENT PROJECT #3
A SPECIAL SOCIAL SECURITY NUMBER
Abstract:  A United States Social Security number is a nine-digit number. The problem is to find a nine digit (SS#) that uses each of the digits 1 to 9 exactly once so that the number consisting of the first k digits is divisible by k for all k. It is designed to develop problem solving skills and a deeper understanding of the divisibility properties of numbers.
This project is intended to develop the NCTM and New York State Standard for numbers and operations.  Number sense tends to be neglected in the later grades because of the focus on algebra.  However, facility with numbers is a necessary life skill students need to develop.  The problems that follow introduce combinatorial methods and reinforce concepts of divisibility.  They may be used as Problems of the Week, for after school enrichment programs or any other general supplementation.  

Format: We start with a description of the project as presented to the students – including instructions, explanations and comments by the teacher.  A set of Worksheet Templates is then appended to the end.

Notes for the teacher:

- A complete list of the divisibility tests is included at the end.  Just when to introduce these tests to the students, depends very much on the particular group of students. 
- If the students have the background, counting the number of possibilities at each stage is a good application of counting techniques and a good way of measuring progress toward the solution.  
- Hand checking by long division is not practical. Using a calculator is better.  But ultimately divisibility tests will be needed to solve this problem  
Worksheet #1: The Social Security Problem
Find a Social Security number, made from the digits 1 through 9 (repeats allowed, but no 0's).  The digit on the left must be divisible by 1.  The number formed by the first 2 digits must be divisible by 2.  The number formed by the first 3 digits must be divisible by 3.  The number formed by the first 4 digits must be divisible by 4 and so on, including that the 9 digit number is divisible by 9.

__ __ __ __ __ __ __ __ __  This digit must be divisible by 1.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 2.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 3.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 4.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 5.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 6.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 7.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 8.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 9.

Brainstorm:  What might be a good place to start?  Which conditions are the hardest to satisfy?  Which conditions are the easiest to satisfy?
Worksheet #2:  Warm-up
Consider the number 123456789.  

1) Is the first number divisible by 1?  What numbers are divisible by 1?

2) Are the first two digits divisible by 2?  How do we know if a number is divisible by 2?

3)  Are the first three digits divisible by 3?  We can check this in the calculator.  But looking ahead toward solving the Social Security Problem, it would be useful to have a simple test. How do we know if a number is divisible by 3?

4)  Is the 4 digit number divisible by 4?  What conditions have to be satisfied in order for the number to be divisible by 4?  Do you actually have to check that 1234 is divisible by 4 or could you just check the last two-digit number?

5)  What can you say about the 5th digit in any solution to the Social Security Problem?

6)  Is the 6 digit number divisible by 6?   What tests can you use?  What does this say about the structure of solutions to the Social Security Problem? Since you know that 123 is divisible by 3, do you actually have to check that 123456 is divisible by 6 or could you just check the last three-digit number?

7) Is the 7 digit number divisible by 7?   Are there any tests that you know of that can you use?  

8)  Is the 8 digit number divisible by 8?  What conditions have to be satisfied in order for the number to be divisible by 8?  Do you actually have to check that 12345678 is divisible by 8 or could you just check the last three digit number? The last two digit number?

9)  Is the entire number divisible by 9?   What tests can you use?  What does this say about all of the solutions to the Social Security Problem?

The attached worksheet #2 asks the students to record their answers to these questions in a table. 

Remarks:
· It may be helpful to remind students that it is not at all clear that there is exactly one correct answer: there could be many – there could be none.

· Constructing the number from left to right, while keeping in mind the divisibility 

tests, is fairly effective. 

· Students can be encouraged to use a calculator at your discretion.

At this stage the students should start to map out the form of the solution. And look for conditions that will reduce the number of possibilities. 

Hints for the students if they get stuck:
· Using the information in the table, lay out the basic structure of a solution to the Social Security Problem:
· Are there any digits that have only one possible location?
· Where must the even digits be placed?
· Where must the odd digits be placed?
· It is always useful to develop a notation that will make it easy to talk about solutions:  One possibility is d1d2d3d4d5d6d7d8d9 for the solution and state the above conclusions in terms of the dis.

· Are there any restrictions on consecutive pairs of digits?  For example, what are the choices for the two-digit number d3d4?  What about d4d5d6?  d6d7d8?  d7d8?
· Once you have restricted the pattern count the number of possible solutions satisfying these restrictions.  For example, once it has been decided that d5 = 5, {d2, d4, d6, d8} = {2, 4, 6, 8} and {d1, d3, d7, d9} = {1, 3, 7, 9}, then there are only 576 possible solutions. [You have 4!=24 ways to choose d2, d4, d6 and d8 and 4!=24 ways to choose d1, d3, d7 and d9. Then 24x24 = 576.]  Since we started with 9!=362880 different choices this is a big reduction – but not big enough to start checking each case.  The restrictions on two- and three-digit sunsections are needed to bring the number of possibilities down to a few enough cases to check.
The Answer:  The surprising fact is that there is just one solution:  381654729
A Summary of the Relevant Divisibility Tests.
How to tell if a number is divisible by 3:

If a number is divisible by three then the sum of the digits should be divisible by 3.  

Example 1.  Let’s test, 443.  4 + 4 + 3 = 11.  Since 11 is not divisible by 3, then 443 is not divisible by 3.

Example 2.  Let’s test 1281, 1 + 2 + 8 + 1 = 12.  Since 12 is divisible by 3, then 1281 is also divisible by 3.  In fact 3 goes into 1281 427 times.

How to tell if a number is divisible by 4:

In order to see if a number is divisible by 4, you only need to check the last two digits of the number: each number is a multiple of 100 (always divisible by 4) plus a 2 digit number (which must also be divisible by 4). 

Example 1. 678,471 is not divisible by 4 because 71 is not divisible by 4.

Example 2. 9,836 is divisible by 4 because 36 is divisible by 4.

How to tell if a number is divisible by 5:

In order to see if a number is divisible by 5 you simply need to check if the last digit of the number is a zero or a five.

Example 1.  348,230 is divisible by 5 because the last digit is a zero.

Example 2.  43,985 is divisible by 5 because the last digit is a five.

Example 3.  7,474 is not divisible by 5 because the last digit is neither a five nor a zero.

How to tell if a number is divisible by 6:

If a number is divisible by 6 then it must be divisible by both 3 and by 2.  So the last digit must be an even number and the sum of the digits must also be divisible by 3.

Example 1. 434 is divisible by 2 because the last digit is an even number.  However, when we add up all of the digits 4 + 3 + 4 = 11 we do not have a number divisible by 3.  So this number fails the divisibility test for 6 because it only passes the divisibility test for 2 and not for 3. 

Example 2.  513 is divisible by 3 because 5 + 1 + 3 = 9, which is divisible by 3.  However, 513 is not an even number so can not be divisible by 2.  So the number 513 fails the divisibility test for 6 because it is only divisible by 3 and not by 2.

Example 3.  912 is divisible by 2 because it is an even number.  It is also divisible by 3 because 9 + 1 + 2 = 12 which is divisible by 3.  So the number 912 is divisible by 6 because it is divisible by 2 and by 3.

How to tell if a number is divisible by 7:
The test for divisibility by 7 is not an easy one and may not be reasonable to use here.  

There is an algorithm for it, however it is not very intuitive.  We illustrate this algorithm by checking if the number 3101 is divisible by 7:

	Procedure
	Example

	Take the last digit of the number and double it
	Last digit in this case is 1, so doubling it would give us 2

	Now leave off the last digit of the number and subtract the last digit doubled
	310 – 2 = 308

	Repeat the process until you get down to a two digit number
	Now the last digit is 8, doubling that gives us 16.  Now we leave off the last digit, and we have 30.  Then we subtract 16 from 30.

Finally we get 14, which is divisible by 7.  

So our number is divisible by 7.


How to tell if a number is divisible by 8:

In order for a number to be divisible by 8, the last 3 digits must be divisible by 8: each number is a multiple of 1000 (always divisible by 8) plus a 3-digit number. However in our case, the 6th digit is even and our number may be written as a multiple of 200 (always divisible by 8) plus a 2-digit number. Hence the last 2-dight number must be divisible by 8

Example 1.  534,638 is not divisible by 8 since 38 is not divisible by 8. 

Example 2.  76,448 is divisible by 8 since 48 is divisible by 8. 
How to tell if a number is divisible by 9:

This test is similar to the divisibility test for 3.  If you add up all the digits of the number and the sum of the digits is divisible by 9, then the number is divisible by 9.

Example 1.  Let’s see if 93,285 is divisible by 9.  First we add up all the digits, 9 + 3 + 2 + 8 + 5 = 27.  Since 27 is divisible by 9, the number 93,285 is divisible by 9.

Example 2.  Let’s see if 67,442 is divisible by 9.  If we add up all the digits we get 6 + 7 + 4 + 4 + 2 = 25.  Since 25 is not divisible by 9, the number 67,442 is not divisible by 9.

Worksheet #1. The Social Security Problem
Find a Social Security number, made from the digits 1 through 9 (repeats allowed, but no 0's).  The digit on the left must be divisible by 1.  The number formed by the first 2 digits must be divisible by 2.  The number formed by the first 3 digits must be divisible by 3.  The number formed by the first 4 digits must be divisible by 4 and so on, including that the 9 digit number is divisible by 9.

__ __ __ __ __ __ __ __ __  This digit must be divisible by 1.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 2.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 3.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 4.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 5.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 6.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 7.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 8.

__ __ __ __ __ __ __ __ __  These digits must be divisible by 9.

Brainstorm:  What might be a good place to start?  Which conditions are the hardest to satisfy?  Which conditions are the easiest to satisfy?
Worksheet #2:  As a warm up problem consider the number 123456789.  Check the divisibility conditions for each of its segments and record the results in this table.

	
	I already know…..


	I want to know…..
	The conditions or constraints I have are….

	Segment  1
	I know that the number is 1


	I want to know if the first digit is divisible by 1.
	 I know that every integer is divisible by 1. 



	Segment  2
	I know that the number is 12
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